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Industrial Control Systems

Chapter Seven:
Feedback Controllers
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Definition: the steady-state value of the step response is called

the DC' gain of the system.
/0 gamn

gredy A
Jalwe.

DC gain = y(oc0) = lim y(t) for u(t) = 1(t)

t—00

In our example above, the step response is

1 ‘
y(t) = 51(15) +2a+B8-1e"+(1/2—a—pB)e

therefore, DC gain = y(co) = 1/2
u
for grep infebs

0> ¥ W o5




Steady-State Value Gin Y (9 %@5“&3
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1 Hi(s
W) =1(t) U= =  v(e=218
S S

— can we compute y(oo) from Y (s)?

Let’s look at some examples:
1

> Yi(s) = s a>0 (poleat s=—a <0)
s+ a
y(t) =e = yloo)=0 SN
1
> Y(s) = et a <0 (poleats=—a>0)
LSt a = et e
y(t) = == y(d) —oo  WETEE
1 :
» Yi(s) = P2 weR (poles at s = jw,
y(t) =sin(wt) = y(oo) does not exist
> Y(s) = ‘ (pole at the origin, s = 0)

S
y(t) = clt) = yloo) =c o
@Qw\%°%‘@\

purely imaginary)
uwsYedo be:



D The Final Value Theorem

We can now deduce the Final Value Theorem (FV'T):

o /\)m\ Gaed e V) 2ol
If all poles of sY (s) are strictly stable or lie in the open left
half-plane (OLHP), i.e., have Re(s) < 0, then

y(oco) = lim sY (s).

s—0

In our examples, multiply Y (s) by s, check poles:

1 S
> Y(s) = sY(s) =
S+ a S+ a
if a > 0, then y(oco) = 0; if a < 0, FVT does not give correct
AN ewwer s B —
answer Syt ie wAbMe
> V() = o, V(s) =
S) = —5——> sY(s) = 5——=
$2 4 w? s2 + w?

poles are purely imaginary (not in OLHP), FVT does not give
correct answer
c Ve Sung'y
> Y(s) = — sY(s)=c —» Shoresugl
S

poles at infinity, so y(oco) = ¢ — FVT gives correct answer
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Back to DC Gain

Step response:

— if all poles of sY (s) = H(s) are strictly stable, then
y(oo) = lim H(s)
s—0

by the FVT.

Example: compute DC gain of the system with transfer function
Sagr 3¢ Bwbles,

Hlﬁ) ‘2 [-; . .’3
= '/S I [~ N y ) -S + | %7 oS _|_ . - Qaefs 0
H(S) — 3 ) I - - =y 76
-Sn/ + 4'9 _I_ A-S‘ + !)

All poles of H(s) are strictly stable (we will see this later usin
V) = §d ,_\S_

the Routh—Hurwitz criterion), so
Ny =S Yy
3 lm Y18 | e SO
| L . B i 10 -
y(oo) = H(s)| = —.
s=0 )



Steady-State Response Analyses

The steady state performance of a stable control system 1s generally
judged by its steady state error to step, ramp and parabolic inputs.
Consider a unity feedback system as shown 1n the Figure below.
The difference between input and output is the error signal E(s).
PR Yor-thor Ruvdhon
GL

Qosed. \opp T €

./RC; = \x Q)

R(s) + E(s) o C(s) [
— G(S) - Cly- BB - GL)
— Lo - %
Lty s RU-CQ)

CW) = ELU Gls)

Fig.1 Closed-loop unity feedback control system ju-cw aw-re

£9 - R
Qo




The closed loop transfer function (CLTF) i1s:
C(s)  G(s)
R(s) 1+ G(s)
As we know C(s) = E(s) X G(s)
Therefore,

1
E(s) = 17 60) X R(s)

Steady-state error ess may be found using the Final Value Theorem (FVT) as follows:

E 1i SR (S ) e irpat [ 2feronae Nalve
o (,/76(00) ~Ps T 0T+ G(s)
The above equation shows that the steady state error depends upon the mput R(s) and

the forward transfer function G(s).



Steady State Error ( Ess) for Step input

Input 1s independent on time; 7(t) = 1 OR R(s)=1/S
E oo 1 SR(s) s Sx1/S s 1
s = 00T+ G(s)  ss01+G(s) S=01+G(s)
p 1 1
Ss T . -
1+lsl_r)r(%G(s) 1+ K,

Where K, is the position error coefficient and equals G(0) or K,, = lqlng G(s)




RLO =—2-

Find the steady-state errors for inputs of] Su(t) to the system shown

below. The function u(t) is the unit step. ’

R(s) + E(s) 120(s + 2) C(S)_’
(s+3)s+4)

For step mput Su(t), we must calculate theypositionrerrorcoefficient (K3p):

_120x2_
‘IIIIIII’_ 3x4
5 5

1420 21

ESS
For ramp input Stu(t), we must calculate the velocityserrorcoefficient:(Ks):

_ O><120><2_0
B 3x4

5
Ess =6

= OO



RW- =

Find the steady-state errors for inputs of Su(t) to the system shown

below. The function u(t) is the unit step.

R(s) + E(s) 100(s + 2)(s + 6) C(s)
_L_S“q(.S +3)(s+4)

un S\-O}\o\t’, \S—/ 0

-

For step mput Su(t), we must calculate the position error coefficient (K,):

K lim G(S) 100 X 2 X 6
—_ — = OO
p 51_r>r(} O0x3x4
5
E. = =0



An engine speed control system is shown below. R - L
a
1) Calculate E for step input with magnitude@ when K> =0
2) Calculate Ess for step input with magnitude A when K> # 0

K C(s)

1+T5

K K O

SRS SATIN hve O j/ >




K(K,S + K;)
S(L+TS)

1) When K> = 0, the above G(s) 1s reduced to:

o) = KK,
) TTFTsS

K, = limG(S) = KK,

1 1

1+K, 1+KK; e S8
; : : R ?7—(“
For a step input with magnitude A; | w7l

G(s) =

ESS

E_A
14 KK,

2) When K> # 0, the open-loop T.F reverts to the original form:
K(K.S + K,)
S(1L+TS)

G(s) =

Which represent a type 1 system.

K, = limG(S) = o

__ 1ot
C1+K, 140

SS



Two Basic Control Architectures

» Open-loop control

. awnte ! /M/'k}) st
ohak-does Yo coder do) r > dulrte "ol

/
oot #29OY & @ fraking Yesysh. oth

Stte erre ® V‘ej&etﬂ'\b« Gor dvrbauce
U
O

» Feedback (closed-loop) control

wM.M S\ﬁ
owy) WN

W
R __EOE. K U; P -V

Here, W is a disturbance; KK is not necessarily a static gain



Basic Objectives of Control

W

[ ova\or Il Ul e

» track a given reference

W » reject disturbances
l » meet performance specs
+ - E| 11U
R _.O_. K - P -y

Intuitively, the difference between the open-loop and the
closed-loop architectures is clear (think cruise control ...)



@pen=lzoop Control

AR ey Ay Y

» cheaper/easier to implement (no sensor required)

» does not destabilize the system

e.g., if both K and P are stable (all poles in OLHP),

%:KP

1s also stable:

{poles of K P} = {poles of K} U{poles of P}



Feedback Control

=

R —JEC[)EE

» more difficult/expensive to implement (requires a sensor
and an information path from controller to actuator)

» may destabilize the system:

Y KPP
R 1+ KP

hasmew poles; which may be unstable

» but: feedback control is the only way to stabilize an
unstable plant (this was the Wright brothers’ key insight)



Benefits of Feedback Control

o)
I
™
0
=

o

<

Feedback control:
» reduces steady-state error to disturbances

» reduces steady-state sensitivity to model uncertainty
(parameter variations)

> improves time response



Sumimary

Feedback control:
» reduces steady-state error to disturbances

» reduces steady-state sensitivity to model uncertainty
(parameter variations)

> lmproves time response

Word of caution: high-gain feedback only works well for
Ist-order systems; for higher-order systems, it will typically
cause underdamping and instability.

Thus., we need a more sophisticated design than just static gain.
We will take this up in the next lecture with
Proportional-Integral-Derivative (PID) control.



1. P - Proportional Controller

Think of this as the "Present" error. It reacts to the error happening right
now.

* How it works: The output is directly proportional to the size of the error.
+ Equation (Transfer Function): G(s) = Kp

+ Key Benefits:

* Reduces rise time (makes the system respond faster).

* Reduces steady-state error (but does not eliminate it).

+ Important Note: If used alone, a steady-state error will always remain.
You cannot achieve perfect tracking with just a P-controller.

2. | - Integral Controller

Think of this as the "Past" error. It accumulates the history of the error.

* How it works: The output is proportional to the accumulation (integral) of the error over time.

+ Equation (Transfer Function): G(s) = Ki/s

* Key Benefits:

* Eliminates steady-state error completely (ess = 0). This ensures the system eventually reaches the exact target.
* Rejects constant disturbances.

+ Important Note: Adding Integral control can make the transient response worse (more oscillatory) and increase
settling time. It can also destabilize the system if the gain is too high.

3. D - Derivative Controller

Think of this as the "Future" error. It predicts where the error is going.

* How it works: The output is proportional to the rate of change of the error. It "anticipates" changes.
+ Equation (Transfer Function): G(s) = Ko s

* Key Benefits:

* Increases stability.

* Reduces overshoot (prevents the system from shooting past the target).

* Improves the transient response.

* Important Note:

* Never used alone: If the error is constant (even if it's huge), the rate of change is zero, so the D-controller does
nothing.

* Noise Sensitivity: It amplifies high-frequency noise.



Combined Controllers

In practice, these are combined to get the best of all worlds.

« PD (Proportional + Derivative):
Use when: You need to improve stability and reduce overshoot.

Effect: It allows for "arbitrary pole placement," meaning you can
design the specific response characteristics you want. However,
it still leaves a steady-state error. & +1

Equation: Kp+ Kps. @

« Pl (Proportional + Integral):

. Use when: You need to eliminate steady-state error. Practical Tips for Designing a PID Controller

Slide 283 provides a step-by-step logic for "tuning" your controller:

- Effect: The error disappears, but the system might take longer to T T TG

settle and be more oscillatory. @ +1 o _
. Fix Rise Time: Add P control to make it faster.

. Equation: KP + KI' P . Fix Overshoot: Add D control to dampen the oscillation.

3 . Fix Error: Add | control to remove the final steady-state error.

« PID (Proportional + Integral + Derivative): . Simplify: Do not use all three if you don't have to. If a Pl controller

) . ) . works, you don't need to add D. & +1
+ Use when: You need to meet all design specifications: fast rise

time, low overshoot, and zero error.

- Effect: Can achieve perfect tracking and stability. &

K
- Equation: KP+—I—|— Kps. @
S




Proportional Feedback

Kp — “proportional gain” (P-gain) U=KpE

Let’s try to find a value of Kp that would stabilize the system:

Kp

B s2 1 - Kp .
o N Kp  s2—-1+ I(I:(B*’M\W&&

.. Wp Szt
s?—1

| =<

— the polynomial in the denominator has zero coefficient of s
— necessary condition for stability is not satisfied.

The feedback system is @otistable for any value of IKpl!

(



Back to Analysis: Derivative Feedback

ek

o~ B /&CWU 1
R—.C‘)_» Kps I_’ s2 —1
Kps
Z . s2-1 _ Kps
R_l Kps _.52+KD5—1
i s2 —1 T

”u 1" Sw\'e

< &.@:7'0\ Cé\g5><)\

begrse e Cov o & e

— still not good: the denominator has a negative coefficient
— not stable; also we have picked up a zero at the origin.

But:

» P-control affected the coefficient of sV (constant term)
» D-control affected the coefficient of s

— let’s combine them!!



Proportional-Derivative (PD) Control

L N Tesiy

RO Kp@ SN Y

[{p + [{D S

R Kp+ Kps 24+ Kps+ Kp — 1
L+ s2 —1 v

KR 5y uls &) fer? He sl S ¢ (5\%(.’
codr N5, I\ 97 N8 gt

— now, if we set Kp > 0 and Kp > 1. then the transfer
function will be stable.

Even more: by choosing Kp and Kp, we can arbitrarily assign
coefficients of the denominator, and therefore the poles of the
transfer function:

PD control gives us arbitrary pole placement!!



Proportional-Derivative (PD) Control

+ E i - U 1
R——O—» Kp + Kps 1 = Y

A

Y Kp + Kps

R  s2+ Kps+ Kp—1

By choosing Kp, K1, we can achieve arbitrary pole placement!!

Also note that the addition of P-gain moves the zero:

Kp
Kps+ Kp =20 LHP zero at — —
K
O
Zg‘i’,, L:’“f:ngK?_\ #_(
Y s L arA
But what’s missing? DC gain = — — ] g 0

R
s=0

— can’t have perfect tracking of constant reference.



Proportional-Integral-Derivative (PID) Control

Let us try

K

S

U = (KP+KD.S+

) E — the classic three-term controller

In fact, let’s also throw in a constant disturbance:

(vs ) ===l K*$>;@\ +l
2
+ ~E = 7 - U 1
R—O =Ko + Kos 100y O o0 Ly
‘ s gepe mug)- ElobiliFe everiiling in e gaq b

We will see that, with PID control, the goals of
» tracking a constant reference r
» rejecting a constant disturbance w

can be accomplished in one shot.



Proportional-Integral-Derivative (PID) Control

:|
R—_E £ Kp + Kps+ Ki/s %»Q—— > 1_ : -V
1 r . K1
Y= 1 (U + W), U= |Kp+ Kps+ — (R-Y)

§% — <
Kp + Kps + 11 I
so Y = 27 (R-Y) + g 11,1,,.

Simplify:

‘ K
S

>

K1

S

) Y = (Kp + Kps + ﬁ) R+W
S
(-5'3 — S + I(p.S’ -+ ]{DSQ —— I(I)Y — (I(PS + KD.S'2 4+ ]{I)R 1+ Ws

(-@'2 — 1+ Kp + Kps +



Proportional-Integral-Derivative (PID) Control

+ N - -
R% ]\p-i—]\DS—I—I\I/S —_;Q—' o . Y

(s — s+ Kps + Kps® + K7)Y = (Kps + Kps* + K1)R + Ws

Therefore.,

f(D 52 -+ [X’p S + [(I

s3 + Kps? + (Afp — 1)8 + K7
S

T Pt Kp2 + (Kp—1s+ K

Y = R




Proportional-Integral-Derivative (PID) Control

| 4]
+ E , , , U 1
R—'O—' Kp —i—IxDs+I\1/s —_*:-()—' 21 - Y

v o_ Kps* + Kps + K P
83 + Kps? + (Kp — 1)9 + K7

S
B s3 -+ KD82 —+ (I(p — 1)9 —+ KI

Stability:
» need Kp > 0, Kp > 1, K1 > 0 (necessary condition)
and Kp(Kp — 1) > K1 (Routh-Hurwitz for 3rd-order)

» can still assign coefficients arbitrarily by choosing

Kp. K1, Kp



Proportional-Integral-Derivative (PID) Control

N
1 E - - - U Y 1
R0k + Ko + Knfs FarO— Ly

B KD82 + Kps + K J=
\ G + KDSQ + (\f(p — 1)9 + K.I |

L
B s3 + I(DSQ + (I(p — 1)9 -+ I(I
N

¢ »
(RIS Sraslohiy “Sgs ey Qe

W

Reference tracking:

Kps? + Kps + K

DC gain(R —Y) = — ‘ ¢
gain ( ) s3+ (Kp —1)s + Kps? + Kj )

=1

— so, with the addition of I-feedback, we remove earlier
limitation and achieve perfect tiacking!



Proportional-Integral-Derivative (PID) Control

-Y

[ 1
R—( —{Kr + Kps+ Ki/s [~ 5

Vv — KD82 + AfPS + [{I R
R + Kps? + (Kp — 1)3 + K7

S
T Bt K2+ (Kp—1)s + K

W

Disturbance rejection:

S
DC gain(IW — ¥) = — ' ‘ L
gain(W' — 1Y) s34+ (Kp — 1)s + Kps? + K

S=

— so, integral gain also gives complete attenuation of constant
disturbances!!



PID Control: Summary & Further Comments

P-gain simplest to implement, but not always sufficient for
stabilization

D=gain helps achieve stability, improves time response (more
control over pole locations)

» arbitrary pole placement only valid for 2nd-order response;
in general, we still have control over two dominant poles

» cannot be implemented directly, so need approximate
implementation: D-gain also amplifies noise

I=gain essential for perfect steady-state tracking of constant
reference and rejection of constant disturbance



PID Controller | '
e dorsein

g,&,‘,;&:y\}\o
i kTin s 5 -
——— P Kye(t) : .
'/.p:':n;:’duyy
o = deSul DT l
N (&‘65} ._)\&Ln:f \P) ) gm'f + ¥

+/ < u(t) y(t)

(®) o e®

t
» | Kij e(t)dt > Z ‘] » Process —T1—
+\ , 0 ‘-




PID Controller

d The output of the controller is proportional to the error signal (P-
term), the integral signal (I-term), and the derivative of the error signal
(D-term) through the gains Kp, Ki, and Kd, respectively.

A In practice, variations of the above control law are also implemented,
such as a Pl controller, which has only the P and | terms, or a PD
controller, which has only the P and D terms.



P - Controller

d With the proportional mode, the size of the controller output
Is proportional to the size of the error.

d This means that the correction elements of the control
system (eg: valve), will receive a signal which is proportional to
the size of the correction required.

d A gain element with transfer function Kp in series with the
forward-path element G(s)

E(s) U(s)
R(s) + s e s 6(s) C(s)

U(s) = KpE(s)

Us)
E(s)




D- Controller

d With the derivative mode of control the controller output is
proportional to the rate of change with time of the error signal.
This can be represented by the equation

de

controller output = K d_
[

Kp is the constant of proportionality. The transfer function is
obtained by taking Laplace transforms, thus

controller output(s) = K ,sE(s)

Hence the transfer function is KpS



D- Controller

d With derivative control, as soon as the error signal begins to
change, there can be quite a large controller output since it is
proportional to the rate of change of the error signal and not its
value.

d Rapid initial responses to error signals thus occur.

d Thercontrollerroutput iscconstant because the rate of change
is constant and occurs immediately the deviation occurs.

d Derivative controllers doesnot; however, respond to steady-
state error signals; since with a steady error the rate of change
of error with time is zero.

d Because of this, derivative control is always combined with
proportional; the proportional part gives a response to all error
signals, including steady signals, while the derivative part
response to the rate of change.



D- Controller

R(s) +

E(s)

U(s)

G(s)

C(s)

U(s) = KpsE(s)

Uls)
E(s)

=KDS

—»



PD- Controller

3 Derivative control is never used alone because it is not
capable of giving an output when there is a steady state error
signal and so no correction is possible.

4 It is thus invariably used in conjuction with proportional
control so that this problem can be resolved.

4 With proportional plus derivative control the controller output
IS given by

de
controller output =K e+ K, —

dt

Kp is the proportionality constant and Ko the derivative
constant, de/dt is the rate of change of error.



Controller - d= o gpreriiic g

C(s)

U(s)
Kp + Kp Sf—| G(s)
/
- R ii-,

p .
Jdesned AR MRS egurbion

U(s) = (Kp+ Kps)E(s)

v Ul(s)

= K K
E(s) p+Kps




| - Controller

d The integral mode of control is one where the rate of change
of th control output I is proportional to the input error signal e:

dl
—=K,e

dt

K: is the constant of proportionality and has units of 1/s.
integrating the above equations gives

lout t

| dar=|kKed i
lo 0

out

~1,=[K,eds
0

Io is the controller output at zero time, Iout is the output at time
ol



| - Controller

R(s) +

E(s)

KI/S

U(s)

G(s)

C(s)

s



Pl - Controller

d The integral mode of control is not usually alone but is
frequently used in conjuction with the proportional mode. When

integral action is added to a proportional control system the
controller output is given by

controller output = K e+ K, J e dt

?(u(b"wt P 1“}“,9“‘“ e;u@z:;: eI errov
R(s) +< E(s) %, V() C(s)
Kp + g P> G(S) m —5




PID - Controller

J Combining all three modes of control gives a controller known
as a three-mode controller of PID controller.

Closed \o? = we dowt e oom
Con MHW n Men i open \oo® S\g,'\"

R(s) +<nE(s) —7———U(s) c(s)
Kp++KpS |— G(S) |—e—>
|
014\’03“(/\0:7"

Lo

de(t)
dt

u(t) = Kpe(t) + Kj /e(t)dt +Kp
Apply Laplace transform on both sides -
K
U(s) = (Kp + TI + Kps) E(s)

U(s)

Ky
=K — 4+ K
E(S) p+ 5 + Kps




The Characteristics of P, I, and D controllers

Acproportional controller (Kp) will have the effect of reducing the

rise_time and will reduce, but never eliminate, the steady-state
erTof.

[ —

An integral control (Ki) will have the effect of eliminating the
steady-state error, but 1t may make the transient response worse.

A«denivative control (Kd) will have the effect of increasing the

stability of the system, reducing the overshoot, and improving the
transient response.



Proportional Control

By only employing proportional control, a steady state error
OCCurs.

Proportional and Integral Control

The response becomes more oscillatory and needs longer to

settle, the error disappears.

Proportional, Integral and Derivative Control

All design specifications can be reached.
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The Characteristics of P, I, and D controllers
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Tips for Designing a PID Controller

1. Obtain an open-loop response and determine what needs to be improved
Add a proportional control to improve the rise time
Add a derivative control to improve the overshoot

Add an integral control to eliminate the steady-state error

A

Adjust each of Kp, Ki, and Kd until you obtain a desired overall
response.

Lastly, please keep in mind that you do not need to implement all three
controllers (proportional, derivative, and integral) into a single system, if not
necessary. For example, if a PI controller gives a good enough response (like the
above example), then you don't need to implement derivative controller to the

system. Keep the controller as simple as possible.
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Questions

P4.11 One important objective of the paper-making Determine (a) the closed-loop transfer function
process is to maintain uniform consistency of the T(s)=Y(s)/R(s), B
stock output as it progresses to drying and rolling. (c) the steady-state error for a step change in the
A diagram of the thick stock consistency dilution desired consistency R(s) = A/s. (d) Calculate the
control system is shown in Figure P4.11(a). The value of K required for an allowable steady-state
amount of water added determines the consistency. error of 2%.

The block diagram of the system is shown in Figure
P4.11(b).Let H(s)=1 and

K 1

CO =g =311

Water

1 Desired consistency = R(s)

e l

U(s) M(s) i
Valve Yl Contrller [t  Consistency
measurement

o=g t

Pulp To paper
mixing | — making
(a)
+ Ul(s)

R(s) ? »| G(5) |———b| G(s) T Y(s)
H(s)

M(s)
(b)




Questions

P4.11 (a) The closed-loop transfer function is

Go(s)G(s) K K

T(s) = = = .
(s) Bs+1)Bs+ 1)+ K 242+ 11s+1+ K

14 Ge(5)G(s)

(¢) Define E(s) = R(s) — Y (s). Then

R(s) 2452 + 11s 4+ 1
E(s) = — R(s) .
&)= ira.6066) |22+ +1| @
With
A
R(s) = —,

we have
A
14K

egs = lim sFE(s) =
s—0

(d) We want |e(t)| < 0.02A as t — oo . So,

implies



Questions

P4.12 'Two feedback systems areshown in Figures P4.12(a)
and (b). (a) Evaluate the closed-loop transfer func-
tions 7; and 75 for each system.

R(s) Y(s)

Y(s)

(b)



Questions

(a) The two transfer functions are

Ki1Ko
11(s) =
18) = 33 1T o

[&’1 _[{2

T5(s) = )
2(5) s2 + (3 —2K1 +2K9)s —4+8Ko + 2K — 4K1 K>

\Vh en I\’l — I\,Q p— 1, we ﬁll(l tllat

1
s2 4+ 35+92°

Th(s) =Ta(s) =



Questions

AP4.1 A tank level regulator control is shown in Figure
AP4.1(a). It is desired to regulate the level H(s) in
response to a disturbance change Q;(s). The block
diagram shows small variable changes about the equi-
librium conditions so that the desired H,(s)= 0.
Determine the equation for the error E(s), and
determine the steady-state error for a unit step dis-
turbance when (a) G(s)= K and (b) G(s) = KI/s.

A0, =

Ly

kP =

\x WP

lim Gt9
4o

_ Um KR

 cao

P
s \+ K

H,(s)=0
Desired
height
variation

Controller h(t)

T

ks

X

| r
c l‘l (0 l‘ls(f)
T
P h Orifice
Capacitance C l v | — (1)
Constant =R
(a)
Qs(s)
Controller
+ H(s)
+ E |
— G L R » Height
_ E(s) K RCs+1 + I variation
£

(b)



Questions

AP4.1 The plant transfer function is

R
Gp(s) = —— .
) = pes
The closed-loop output is given by
1 GGoy(s
H(s) Qa(s) + ——2)_py, ()

T 1+ GGy(s) 1+ GGy(s)

Therefore, with E(s) = Hgq(s) — H(s), we have

since Hg(s) = 0.
(a) When G(s) = K, we have

: —1
€gg — ;E}%)SE(S) = m .

(b) When G(s) = K/s, we have

€ss = lim sFE(s) =0 .

s—0
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The Root Locus Design Method
(invented by Walter R. Evans in 1948)

ety (a9

Consider this unity feedback configuration:

RO K L) -y

where Clorodiaiie e |IF R U9 -9

» K is a constant gain

. L(s) = b(s‘)

, Where a(s) and b(s) are some polynomials



e | odS 22/
<MY

Hue @QO\‘ locus  Qdemion Mool

Oley . _\

—» obon \pop AP Punghion . g_/\

QLo [ g | les, e Yo Baahion

Tsal+R
Kf ol /A
SK< o0
® TL\P-&&L 0%3&& C)l%QLbo? ?o%o&\( Chowgef %l« 0 S i &r&k)
i 3¢3 Lohen Kinorsde He Poles  wove jndhetp ows
= e movmed-of Lo imnjonery park of Lo Copley Conyed
W Root neus : E—rd
- G(,L\ = \AJ‘:\ —u—-w__wﬁm PM e M\‘
| ) M
%1‘\' 2 g \AMSJ\-\L)V% !
A . B W A\ AR )
51*7‘2‘*’“3“‘ (k) wiy Siawmnl &) 1 Gk —_—5(-1%5) ferwivy Qo)
g 1 Qo V< < l_
Wl | Cw9e [
Wa i Owensde

ovor Quesk . jneveste Ypecaae D lwcronte




The Root Locus Design Method

_|_
R—( —| K |—|L(s) 2%

Y KL
Closed-loop transfer function: — (5) L(s) =

R 1+KL(s)

Closed loop poles are solutions of:
O&‘*/QC/‘*W{M W'M 1
1+ KL(s)=0 & L(s)=——

K
Kb(s)
, I+ =0
77 a(s)
™ e
Kp(s) =10 characteristic equation
W
characteristic aly) ~ k4
polynomial AL
Claa o s e

Q_“r\u’f\“‘{\




A Comment on Change of Notation

Note the change of notation:

from H(s) or G(s) = ;_1)23 to L(s) = b(s.)

— the RL method is quite general, so L(s) is not necessarily
the plant transfer function, and K is not necessary feedback
gain (could be any parameter).

E.g., L(s) and K may be related to plant transfer function and
feedback gain through some transformation.

As long as we can represent the poles of the closed-loop transfer
function as roots of the equation 1 + K L(s) = 0 for some choice
of K and L(s), we can apply the RL method.



Towards Quantitative Characterization of Stability

Qualitative description of stability: Routh test gives us a range
of K to guarantee stability.
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For what values of X' do we best satisfy given
design specs?’



Root Locus and Quantitative Stability

R—(O—| & L .Y

Y KL(s b(s
Closed-loop transfer function: — (5) , L(s) = ((Si
a(s

R 1+ KL(s)

For what values of K' do we best satisfy given design specs?

Specs are encoded in pole locations, so:

The root locus for 1 + K L(s) is the set of all closed-loop
poles, 1.e., the roots of

1+ KL(s) =0,

as I varies from 0 to oo.




A Simple Example

1

L(s) = 5— b(s) =1, a(s) =s*+s
R UATEE ST+ S (—% testPo Lamcdin.
ey Lo
o L\/Cha.ra.cteristic equation: a(s)+ Kb(s) =0
A ‘
w “+s+K=0

Here, we can just use the quadratic formula:

1+VI—4K _ 1 VI—4K

T > "9 >
Rook locus e
_H,Qu/\r o Clorod loop Pole o& K Vuries fww\ oo fo &
1 1 —4K
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TD Specs in Frequency Domain

We want to visualize time-domain specs in terms of admaissible

pole locations for the 2nd-order system
w,,% o’ + w(zl
H{(s) 5 ’ 5 = 5 5
s° +2Cwps +wp (s +0)* + w;

where o = Cw,,
Wd — Wnv 1—§2

Step response: y(t) =1 — e ¢ (cos(wdt) - wid Sin(wdt))

Im
3

~ 7] wg =wpV1-— CQ
P 2> _ 2, 2
0= (Wn 0 Re Wy, =0 + W

( = cosy




Formulas for TD Specs

w? o? + cufl

H(s) = 55— = 24
(S) s + 2Cwns + wrzz (S + 0)2 T wle

1.8
t; ~ —
wn
P 70
p Wi
M, = exp ¢

V1=¢



Example, continued

1 1 —4K
RootlocuS:{—§:t\/ 5 :O§K<oo}CC
Let’s plot it in the s-plane:
» start at X =0 the roots are —% + % =—1.0
note: these are poles of L (open-loop poles)

Im

A

X »Re




Example, continued

Root locus: {—% 1;4]( : 0 §K<oo} c C

» as I increases from 0, the poles start to move

1 —4K >0 —> 2 real roots
K=1/4 — 1 real root s = —1/2

Im
A




Example, continued

Root locus: {—1 V1—4K O0< K < oo} c C

2 2
» as K increases from 0, the poles start to move

K >1/4 —> 2 complex roots with Re(s) = —1/2

Im
ﬁ A
XX ~Re
—1 1 0
2
\ /

(s = —1/2 is the point of breakaway from the real axis)



Example, continued

Compare this to admissible regions for given specs:

4 1
ty ~ % want o large, can only have o = 5 (ts = 6)
o
1.8
S want w,, large =— want K large
wn
M, want to be inside the shaded region = want /' small
Im
A
increase X I »
—X—PX 5 »Re
— 1




Im

A

increase KT

— X—PpX- »Re
—1 1 0
v

Thus, the root locus helps us visualize the trade-off between all
the specs in terms of KA.

However, for order > 2, there will generally be no direct formula
for the closed-loop poles as a function of /K.

Our goal: develop simple rules for (approximately) sketching
the root locus in the general case.
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Equivalent Characterization of RL: Phase Condition

Recall our original definition: The root locus for 1 + K L(s) is
the set of all closed-loop poles, i.e., the roots of

1+ KL(s) =0,

as K varies from 0 to oo.

A point s € C is on the RL if and only if

L(s) = —— for some K > 0

negative and real

This gives us an equivalent characterization:

The phase condition: The root locus of 1 + K L(s) is the set
of all s € C, such that ZL(s) = 180°, i.e., L(s) is real and
negative.



Rules for Sketching Root Loci

There are six rules for sketching root loci. These rules are
mainly qualitative, and their purpose is to give intuition about
impact of poles and zeros on performance.
These rules are:

» Rule A — number of branches

» Rule B — start points

» Rule C — end points



Rule A: Number of Branches

b(s gm b ','m,—l
TR g SO i

S bm.— S bm,
+ 15+ _ 0

a(s) ST agsl 4
- (Sn + CLl-S'n—l + ...t ap—15 + CLn)
—}—K(Sm’ _+_b187n—1 4

et Qp_18 + ay

oo+ bp—1s + bm,) =0

Since deg(a) = n > m = deg(b), the characteristic polynomial

a(s) + Kb(s) = 0 has degree n.

The characteristic polynomial has n solutions (roots),
some of which may be repeated. As we vary K, these n
solutions also vary to form n branches.

Rule A:
#(branches) = deg

(a)



Rule B: Start Points

The locus starts from /X = 0. What happens near K = 07
If a(s) + Kb(s) =0 and K ~ 0, then a(s) =~ 0.

Therefore:
» s is close to a root of a(s) =0, or

> s is close to a pole of L(s)

Rule B: branches start at open-loop poles.



Rule C: End Points

What happens to the locus as K — oo?

a(s)+ Kb(s) =0

— as K — oo,
» branches end at the roots of b(s) =0, or

» branches end at zeros of L(s)
Rule C: branches end at open-loop zeros.

Note: if n > m, we have n branches, but only m zeros. The
remaining n — m branches go off to infinity (end at “zeros at
infinity”).



Example

PD control of an unstable 2nd-order plant

— 1
R—— Kp+Kps | Y
— §< —
G.
p

E — 1 n GCGP pOleSI ]. -+ GC(S)G])(S) — O

1+ (Kp + Kps) <92 1_ 1) —0

We will examine the impact of varying KX = K, assuming the

ratio Kp/Kp fixed.



Example

PD control of an unstable 2nd-order plant

A\
4

+ - - 1
R ol \;—’ Kp + Kps R >
G

A\

p

We will examine the impact of varying K = Kp, assuming the
ratio Kp/Kp fized.

Let us write the characteristic equation in Ewvans form:

K 1 s+ Kp/K
1+ K <S+_P)(2_>_1+K5+ &P/XDZO
S:

N Kp —1 s2 —1
K ~ ~~ o
L(s)
S — 2z o
L(s) = = zero at s = 21 = —Kp/Kp < 0



Example

S — 21

L(S) - s2—1
m =1

» Rule A: ) — 2 branches
T = s

» Rule B: branches start at open-loop poles
» Rule C: branches end at open-loop zeros
(we will see why —oo later)
So the root locus will look something like this:

Im

A

¥ -
0

B breakaway point

Re

s = +1

S = 2zZ1, —C&C



X »Re

0

[~ breakaway point

Why does one of the branches go off to —o0?
s —1+K(s—2z)=0
s+ Ks—(Kz +1)=0

K2
.s:——:t\/ + Kz +1, 21 <0 as X — oo, s will be < 0



X »Re

0

[~ breakaway point

Is the point s = 0 on the root locus?
Let’s see if there is any value /X > 0, for which this is possible:

1+ KL(0) =0

1
1+ Kz =0 K = —— > 0 does the job

~1



From Root Locus to Time Response Specs

For concreteness, let’s see what happens when

]{p/]([) = —2z1 = 2 and K = I{D = 5H = I{p = 10

A

+ 1
R—( —| Kp+Kps = Y

— -

G.(s) =10+ 5s

u = 10e + 5e, e=1r—1y

s2 —1

2L 554+9=0

L. : s + 2
Characteristic equation: 1+ 5 ( ) =0

Relate to 2nd-order response: w? =9, 2w, =5 = ( =5/6
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