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Effect of Zeros on the Transient Response

q(s
Reminder: for H(s) = 12 ;, zeros are the roots of g(s) =0
p(s
E le: start with Hq(s) ! ( 1)
xample: start with s) = Wy =
: ! 2+ 2s+1 "
Let’s add a zero at s = —a, a > 0 — LHP zero

: : S
To keep DC gain = 1, let’s take the numerator to be — + 1:

=x (1

H'Z,&S) - /—\-Sz-\"z,é} 2\

o (— 1
Hy(s) st

s24+2(s+1
B 1 N 1 S
s24+2(s+1 a s2+2(s+1
\ N s
this is H1(s) call this H4(s)

= Hy(s) + %Hd(s). Hg(s) = sHi(s)



Effect of a LHP Zero

" lelgl’/‘%&'ﬁ‘l
1 add zero at s = —a 1
Hl(.s) = .92+2C.S+1 > HQ(S) —Hl(-9)+E'SH1(S)
Step response:
Hq(s
H-(s
_ Hi(s) | 1sHi(s)
N S (a S
1
= Yi(s) + E.syl(e)
1 1 1 1.
y2(t) = L {Ya(s)} =& Yi(s) + p sY1(s) p = y1(t) + Eyl(t)

(assuming zero initial conditions)



Eftect of a LHP Zero

Step response (zero at s = —a)

1
Yo (t) = y1(t) + —v1(t) where v (t) = original step response
a

Effects of a LHP zero:
» increased overshoot (major effect)
» little influence on settling time — oy emises 4 save.
» what happens as a — oc0? — effects become less significant



What About a RHP Zero?

1 add zero at s = a 1

2 o0s 11 » Ha(s) = Hi(s) — — - sHi(s)

Hi(s) =

Effects of a RHP zero:
» slows down (delays) the response
» creates undershoot (at least, when a is small enough)



1. The "Dominant" vs. "Insignificant" Rule

In a complex system, the poles closest to the imaginary axis (jw-axis) are the dominant poles. This is because they

decay the slowest in the time domain.

« The 5x Rule: A common engineering convention is that if an extra pole is at least 5 times further to the left (more
E [‘E f E P 1 negative) than the dominant poles, its effect on the transient response is negligible.
a " — b » . — o 1
| (__) ( t (_) )\ t l (—1' (_) (T)b « The Reason: Poles further left represent faster decay. As shown in your notes, a pole at s = —2 produces a term
e 2t, while a pole at s = —10 produces ¢ 10t. The ¢~ 10t term disappears much faster, leaving the ¢—2t term to

"dominate" the shape of the graph.

A general nth-order system has n poles

» extra LHP poles are not
significant if their real parts
are at least 5x the real parts
of dominant LHP poles

Im

» e.g., if dominant poles have

o ot Re(s) = —2 and we have

0 e extra poles with Re(s) = —10,
their time-domain

X contributions will be e~

«— e~ 10t « o2t
P,D'\@ PNAS X

X

2t and

tou $ioviFexrt domanant o o » 5X is just a convention, but
poles VA t/f
—b b y we can really see the effect of
aw
e extra poles that are closer

(cf. Lab 2)
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Effect of Pole Locations

Im

A

X X— Re
0
unsol e
‘\' ‘/ mex
Covt EXfent
x Mo vp et hom o
X X

» poles in open LHP (Re(s) < 0) — stable response
» poles in open RHP (Re(s) > 0) — unstable response

» poles on the imaginary axis (Re(s) = 0) — tricky case

/ / A - b wnteble



Marginal Case: Poles on the Imaginary Axis ‘.

K/ @ xPlesnaihon

owkPvr = {apuh
. . . . 1
Let’s consider the case of aspolerat the originy H (s) = —
S—o o
Is this a stable system?
1 sieblt
» impulse response: Y (s) = - = y(t) = 1(t) (OK)
S
1 .
> step respone: Y (s) = — = y(t) = ¢, t > 0 — unit ramp!!
S
What about purely imaginary poles?  H(s) =
v v 92 _l_ ¢ 12
. W
» impulse response: Y (s) = W —> y(t) mw\m&
_ _ s2 4+ w2 ’J,.mt s\whole
2
W Ry s/ lohos
> step respone: Y (s) = — 5 ”
s(s% + w?)

Systems with poles on the imaginary axis are not stable.



What Is Stability?

U h -1

One reasonable definition is as follows:

A linear time-invariant system is Bounded-Input,
Bounded-Output (BIBO) stable provided either one of the

. . ., . = it 2r by e O
following three equivalent conditions is satisfied: — ve7ems \ oo foy o
wblt 3

e ban — 1 If every bounded input w(t) results in a bounded output
y(t). regardless of initial conditions.

sl — 9 If the impulse response h(t) is absolutely integrable:

evs HEF
o0 s *\-1
5 [
/ |h(t)| dt < oo. =y
Slble
—00 (/_ Cuw be J°"‘<
g%\‘;s Joble v Kﬁ“@

f’ﬂi“"f‘ﬁ < 3. If all poles of the transfer function H(s) are strictly stable
(lie in open LHP).



Checking for Stability?

Consider a general transfer function:

where ¢ and p are polynomials, and deg(q) < deg(p).

We need tools for checking stability: whether or not all roots of

p(s) =0 lie in OLHP.

For simple polynomials, can just factor them “by inspection”
and find roots.

Now, this is hard to do for high-degree polynomials — it’s
computationally intensive, especially symbolically.

But: often we don’t need to know precise pole locations, just
need to know that they are strictly stable.
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Checking for Stability

Problem: given an nth-degree polynomial
C{)Q_V\GWA %(V"\ Q/\}\C)\‘(;\Cxie'\\i\\S W ‘Q‘\(\W)ﬂ“"\ .%7/— Srloiechesls
p(s) = s" + a1s"t +ass" 2+ ...+ a, 15+ a,

with real coefficients, check that the roots of the equation
p(s) = 0 are strictly stable (i.e., have negative real parts).

Terminology: we often say that the polynomial p is (strictly)
stable if all of its roots are.



A Necessary Condition for Stability

Terminology: we say that A is a necessary condition for B if
A is false = D is false

Important!! Even if A is true, B may still be false.

Necessary condition for stability: a polynomial p is strictly
stable only if all of its coefficients are strictly positive.

Proof: suppose that p has roots at r1.72,...,r, with Re(r;) <0

for all 2. Then

p(s)=(s—r1)(s—r9)...(s—1,)

— multiply this out and check that all coefficients are positive.
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Routh—Hurwitz Criterion

Necessary & Sufficient Condition for Stability

Terminology: we say that A is a sufficient condition for B if
Ais true = D s true

Thus, A is a necessary and sufficient condition for B if
Alis true <= DB is true

— we also say that A is true if and only if (iff) B is true.

We will now introduce a necessary and sufficient condition for
stability: the Routh—Hurwitz Criterion.



Routh’s Test

Problem: check whether the polynomial

1 —2

p(s) =s"+a1s" " +as" "+ ...+ ap—15+ ay

is strictly stable.

We begin by forming the Routh array using the coefficients of p:

eweh => e¥en Coet
@goa = 0d & copf
a7 — 89 1 1o a4 ag

o
o n—1 .

S . ap az as ar ... second row to match lengths)

(if necessary, add zeros in the

Note that the very first entry is always 1, and also note the
order in which the coefficients are filled in.



Routh’s Test

N AU qu

€
@j&‘ odd 0\9“\
8 ; 1 a9 (g

s 1. a1 a3 as a7

g e ¢ by bo b3

Next, we form the third row marked by s"~=:

gy
1 1
where b; = —— det (
(o5} (1
1 1
b = ——det (
ai o]

1
b3 = —— det (
5] (

1

11

b1

a2

)

b2

2

b3

1

——(ag — @1a3)
a1

1

—— (a5 — a1a4)
a1

1

— N — A4
— (a7 — a10)

and so on ...

Note: the new row is 1 element shorter than the one above it



Routh’s Test, continued

s 1 ay ag ag
gL a1 a3 a5 ary
s"2: by by b3
g3 . c1 €9

S>n—3 01
1 ]
where ¢; = ——det
bl bl
1 al
co = —— det
bl bl

and so on ...



Routh’s Test, continued

Eventually, we complete the array like this:

s I as ag ag
s" 1. ay ag as ar
g2 . by b bz ... (as long as we don’t get stuck with
S"TRep e L :
division by zero: more on this later)
Sl . * ES
SO .

After the process terminates, we will have n + 1 entries in the
first column.
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The Routh—Hurwitz Criterion
Consider degree-n polynomial

1

p(s) =s"4+a1s" "+ ...+ an_15+ a,

and form the Routh array:

s 1 a9 a4 ag
sl qy a3 as ar
s 2. by by by

s c1 €2
st s
sV

The Routh—Hurwitz criterion: Assume that the necessary
condition for stability holds, i.e., a1,....a, > 0. Then:

» p is stable if and only if all entries in the first column are
positive;

» otherwise, #(RHP poles) = #(sign changes in 1st column)



Example

Check stability of

p(s) = s* +45° + 5% + 25 + 3

All coefficients strictly positive: necessary condition checks out.

st 1 1 3
3. 4 20
s2: 1/2 3
st: —22 0
sY - 3
Answer: p is unstable — it has 2 RHP poles (2 sign changes in

Ist column)



Low-Order Cases (n = 2, 3)

n =2 p(s) = s% + ar1s + as

g2 1 a9
Sl . aq 0
1 a9
sY . b1 b1 = —é det ((11 0) = a9

— p is stable iff a1, as > 0 (necessary and sufficient).

n=3 p(s) = s+ a18% + ass + as
83 1 a9
2 .
S . a1 d3
1 a9 —
st: by 0 by = —+ det =
a1 das
Y 1 = —% det by 0 — as

— p is stable iff ay. a9, a3 > 0 (necc. cond.) and ajas > az



Stability Conditions for Low-Order Polynomials

The upshot:

» A 2nd-degree polynomial p(s) = s% + ays + as is stable if
and only if a3 > 0 and as >0 7 "( =

—=5) N 1
- SxFrz=a o ,d 70
S 1) 7 u! '\I_.

» A 3rd-degree polynomial p(s) = s3 + a18® + ass + as is
stable if and only if ay.a9,a3 > 0 and ajas > as

» These conditions were already obtained by Maxwell in
1868.
» In both cases, the computations were purely symbolic: this

can make a lot of difference in design, as opposed to
analysis.
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Routh—Hurwitz as a Design Tool

Parametric stability

range

We can use the Routh test to determine parameter ranges for

stability.

Example: consider the unity feedback configuration
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plant

Note that the plant is unstable (the denominator h
coefficient and a zero coefficient).
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Problem: determine the range of values the scalar gain K can

take, for which the closed-loop system is stable.



Example, continued

+ I s+1
R_;Cf_' K 135225 ol

Problem: determine the range of values the scalar gain K can
take, for which the closed-loop system is stable.

Let’s write down the transfer function from R to Y:

Y  forward gain

R 1+loop gain
e s+1 -

— - s+l B3 192 oo I(a L
1+ K ol + 25 s+ K(s+1)

> > 7] &/ e
Ks+ K cltel, b tath o
s3 + 252+ (K — 1

/_V‘\

Faw‘}eﬁ- aW&KWW&%#M-
- 2(«y 7k

2¢-2 26 = \K?22

Now we need to test stability of p(s) = s° +2s* + (K —1)s + K

)s + K




Example, continued

Test stability of

p(s) =" +25" + (K - 1)s + K

) 3
1 . : . \dfjpiﬂ/ﬁ?
using the Routh test. P e 7K
(72
Form the Routh array: (xz2)

ol ool 9 =

For p to be stable, all entries in the 1st column must be positive:
K >2 and K >0 (already covered by K > 1)

Note: The necessary condition requires /£ > 1, but now we
actually know that we must have K > 2 for stability.



Some Comments on the Routh Test

» The result (#(RHP roots)) is not affected if we multiply or
divide any row of the Routh array by an arbitrary positive
number.

» If we get a zero element in the 1st column, we can’t
continue. In that case, we can replace the 0 by a small
number £ and apply Routh test to that. When we are done
with the array, take the limit as € — 0. (see Ex. 3.33 in
FPE)

» For an entire row of zeros, the procedure is a more
complicated (see Example 3.34 in FPE) — we will not worry
about this too much.
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