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DC Gain

U -l h - Y

Definition: the steady-state value of the step response is called
the DC' gain of the system.

DC gain = y(oc0) = lim y(¢) for u(t) = 1(¢)

t—00

In our example above, the step response is

1(t) + (QCE + 8 — 1)e_t —+ (1/2 — o — _,.3)6_%

1
y(t) = 5

therefore, DC gain = y(oc0) = 1/2



Steady-State Value
h ———UY

u(t) = 1(¢t) U(s) = — — Y(s) =

s s
— can we compute y(oo) from Y (s)?

Let’s look at some examples:

1
> Y(s) = . a>0 leat s = —a <0
(s) porpe a (pole at s a )
ylt) == — y(o0) =0
> Y(s) = .a <0 leat s =—a >0
(s) sta “ (pole at s a )
y(t) == = y(oo) = o0
1
> Y(s)= 53 wE€R  (poles at s = £jw, purely imaginary)
y(t) =sin(wt) = y(oo) does not exist
> Y(s) = ‘ (pole at the origin, s = 0)
S

y(t) =cl(t) = yloo)=c



The Final Value Theorem

We can now deduce the Final Value Theorem (FVT):

If all poles of sY (s) are strictly stable or lie in the open left
half-plane (OLHP), i.e., have Re(s) < 0, then

y(oco) = lim sY (s).

s—0

In our examples, multiply Y (s) by s, check poles:

1 S
> Y(s) = sY (s) =
(5) s+ a (5) s+a
if a > 0, then y(oc) = 0; if a < 0, FVT does not give correct
answer
1 S
» Y(s) = ——— sY(s) = 5——
(5) 52 4 w? (5) 52 4 w?

poles are purely imaginary (not in OLHP), FVT does not give
correct answer
c
» Y(s)=— sY(s)=rc
S
poles at infinity, so y(oo) = ¢ — FVT gives correct answer



Back to DC Gain

h —Y

Step response: Y(s) =

— if all poles of sY (s) = H(s) are strictly stable, then

y(oo) = lim H(s)

s—0
by the FVT.
Example: compute DC gain of the system with transfer function

s2 1+ 5543
s3 4+4s+2s+5

H(s) =

All poles of H(s) are strictly stable (we will see this later using
the Routh—Hurwitz criterion), so



Steady-State Response Analyses

The steady state performance of a stable control system is generally
judged by its steady state error to step, ramp and parabolic inputs.
Consider a unity feedback system as shown in the Figure below.
The difference between input and output Is the error signal E(S).

'

R(s) + E(s) | C(s)
—b—%— G(_S ) -

Fig.1 Closed-loop unity feedback control system




The closed loop transfer function (CLTF) 1s:

C(s) _ G(s)
R(s) 1+G(s)
As we know C(s) = E(s) X G(s)

Therefore,
1
E(s) = X R
&) =175 * RO
Steady-state error ess may be found using the Final Value Theorem (FVT) as follows:
SR(s)

) = Eu = W7o

The above equation shows that the steady state error depends upon the input R(s) and

the forward transfer function G(s).



Steady State Error ( Ess) for Step input

Input 1s independent on time; #(t) = 1 OR R(s)=1/S
E o 1 SR(s) I Sx1/§ s 1
ss 51—1>131+G(s) B SI—I>%1+G(S) B SI—I>%1+G(S)
. 1 1
ss — : _
1+lSI_I’>I(l]G(S) 1+ K,

Where K, is the position error coefficient and equals G(0) or K,, = gln% G(s)




Find the steady-state errors for inputs of Su(t) to the system shown

below. The function u(t) is the unit step.

R(s) + E(s)

120(s + 2) C(s)
-
(s+3)s+4)

For step input Su(t), we must calculate the position error coefficient (K,):

o1 orey _ 120X2
p = &0 ) = 3x4
5 5
ESS

“1+20 21



Find the steady-state errors for inputs of Su(t) to the system shown
below. The function u(t) is the unit step.

R(s) + E(s) 100(s + 2)(s + 6) C(s)
-

s(s+3)s+4)

For step imnput Su(t), we must calculate the position error coefficient (K,):

K lim G(S) 100x2X%X6
—_— - = O
P 51—1}3 O0x3x4
E..= > =0
ST 1400




An engine speed control system 1s shown below.
1) Calculate Ess for step input with magnitude A when K> =0
2) Calculate Es for step mput with magnitude A when K> # 0

K Cl(s)
1+TS




6(s) = KUGS + Ko)

S(1+TS)
1) When K> = 0, the above G(s) 1s reduced to:
G(s) = KK,
2 TTHTS
K, = ll_l}(;l G(S) = KK,
1 1
ESS

T1+K, 1+KK,
For a step input with magnitude A;
A

E,=——
ST 1+ KK,

2) When K> # 0, the open-loop T.F reverts to the original form:
K(K:S + K,)
S(1+TS)

G(s) =

Which represent a type 1 system.

K, = limG(S) = o

11
14K, 14

=0

SS



Two Basic Control Architectures

» Open-loop control

W

R— K}|—| P |—Y

» Feedback (closed-loop) control

-

R—(7 K

Here, W is a disturbance; K is not necessarily a static gain



Basic Objectives of Control

W
U )
R—1 K | P |——Y
» track a given reference
W » reject disturbances
. l » meet performance specs
+ (,-\E 1 U
R—( — K | P Y

Intuitively, the difference between the open-loop and the
closed-loop architectures is clear (think cruise control ...)



Open-Loop Control

R—-

K

U

e

|

P

— Y

» cheaper/easier to implement (no sensor required)

» does not destabilize the system

e.g., if both K and P are stable (all poles in OLHP).

1s also stable:

Y

~ —KP

R

{poles of K P} = {poles of K} U{poles of P}



Feedback Control

%
. U
R—*-—QE-‘ Kl P F—v

» more difficult/expensive to implement (requires a sensor
and an information path from controller to actuator)
» may destabilize the system:
Y KP

R 1+KP

has new poles, which may be unstable

» but: feedback control is the only way to stabilize an
unstable plant (this was the Wright brothers’ key insight)



Benefits of Feedback Control

b

R —“L;(‘)EE ®,

Feedback control:
» reduces steady-state error to disturbances

» reduces steady-state sensitivity to model uncertainty
(parameter variations)

> 1lmproves time response



Summary

Feedback control:
» reduces steady-state error to disturbances
» reduces steady-state sensitivity to model uncertainty
(parameter variations)

> lmproves time response

Word of caution: high-gain feedback only works well for
Ist-order systems: for higher-order systems, it will typically
cause underdamping and instability.

Thus, we need a more sophisticated design than just static gain.
We will take this up in the next lecture with
Proportional-Integral-Derivative (PID) control.



Proportional Feedback

—|—/—\I E - ‘ U 1 .
Kp — “proportional gain” (P-gain) U=KpE

Let’s try to find a value of Kp that would stabilize the system:

Kp
y o221 Kp
R K s2 — ¢
R 1 2P S 1—|—Bp
s« — 1

— the polynomial in the denominator has zero coefficient of s
— necessary condition for stability is not satisfied.

The feedback system is not stable for any value of Kp!!



Back to Analysis: Derivative Feedback

+ K - U 1
R—:KJ—' Kps I—. g2 — 1 -Y
Kps
Yy o2 Kps
R - Kps 2+ Kps — 1

— still not good: the denominator has a negative coefficient
— not stable; also we have picked up a zero at the origin.

But:
» P-control affected the coefficient of s” (constant term)
» D-control affected the coefficient of s

— let’s combine them!



Proportional-Derivative (PD) Control

- E L’T ]
Brp -+ I{DS
y 2 _ 1 B Kp + Kps
R Kp+ Kps  s2+ Kps—+ Kp — 1
L+ s2 — 1

— now, if we set Kp > 0 and Kp > 1. then the transfer
function will be stable.

Even more: by choosing Kp and Kp, we can arbitrarily assign
coefficients of the denominator, and therefore the poles of the
transfer function:

PD control gives us arbitrary pole placement!!



Proportional-Derivative (PD) Control

+ E - - U 1
Y Kp + Kps

R  s2+ Kps+Kp—1
By choosing Kp, Kp, we can achieve arbitrary pole placement!!

Also note that the addition of P-gain moves the zero:

K
Kps+ Kp =0 LHP zero at — ,P
Kp
C , Y K
But what’s missing? DC gain = In = Kppl # 1

s=0

— can’t have perfect tracking of constant reference.



Proportional-Integral-Derivative (PID) Control

Let us try

K
U = (Rp + Kps+ — | E — the classic three-term controller
S
In fact, let’s also throw in a constant disturbance:
W
E U~ 1
RJ{J—- Kp + Kps+ Kiy/s —_F*Q—' 2 — 1 - ¥

We will see that, with PID control, the goals of
» tracking a constant reference r
» rejecting a constant disturbance w

can be accomplished in one shot.



Proportional-Integral-Derivative (PID) Control

R- +_<_>_. Kp + Kps + Ki/s f—=( — Ly

S

1 K
Y= (U+W), U= ( p + Kps + I) (R—Y)

Simplify:

. K
(s —1)Y = (KP + Kps + I) (R—Y)+ W

S
(52 — 14+ Kp + Kps + I) Y = ( p + Kps + I) R+ W
S S

(s —s+ Kps+ Kps® + K1)Y = (Kps + Kps® + K1)R + Ws



Proportional-Integral-Derivative (PID) Control

B—'{ :)—" Kp + Kps + I\:I/S

- Y

(.5:3 — s+ Kps+ Kps? + K1Y = (Kps + Kps® + Ki)R + Ws

Therefore.

I{DSQ + ]{pS —+ ]{[

YV —

s3 + Kps? + (I{p — 1)‘? + K7

W

+

s3 + Kps? + (I’fp — 1)‘? + KG



Proportional-Integral-Derivative (PID) Control

"
B—E{]ﬂ- Kp + Kps + Ki/s L—;’\l}ﬁ S 1_ 1 .V
v _ Kps* + Kps + K R
s+ Kps? + (Kp — 1)s + I
: - %

= —+ KDSQ —+ (KP — 1)‘? + KI

Stability:

» need Kp >0, Kp > 1, K1 > 0 (necessary condition)
and Kp(Kp — 1) > Kj (Routh-Hurwitz for 3rd-order)

» can still assign coefficients arbitrarily by choosing

Kp, K1, Kp



Proportional-Integral-Derivative (PID) Control

W
B—EOQ Kp +EKps + Ki/s L—+-—+(lj- = 1_ : - Y
V= — [fDS; +KF.9+K1 R
s+ Kps? + (Kp — 1)s + Kj
S ]
T ® T Kps? + (Kp —1)s + K] v
Reference tracking:

DC gain(R s V) = . D"+ Kps + K —1

s34+ (Kp — 1)s + Kps? + K7

s=0
— so, with the addition of I-feedback., we remove earlier
limitation and achieve perfect tracking!



Proportional-Integral-Derivative (PID) Control

+ B - - , U 1
R—'*Q—' Kp + Kps+ Ki/s 1 2 ~Y

KDSQ -+ KPS —+ K[

b= s+ Kps?+ (Kp —1)s + KIR
T B r Ko + (?{P “1)s + K W
Disturbance rejection:
DC gain(W —Y) = — i =0

s3+ (Kp —1)s + Kps? + Kj

— s0, Integral gain also gives complete attenuation of constant
disturbances!!



PID Control: Summary & Further Comments

P-gain simplest to implement, but not always sufficient for
stabilization

D-gain helps achieve stability, improves time response (more
control over pole locations)

» arbitrary pole placement only valid for 2nd-order response;
in general, we still have control over two dominant poles

» cannot be implemented directly, so need approximate
implementation; D-gain also amplifies noise

I-gain essential for perfect steady-state tracking of constant
reference and rejection of constant disturbance



PID Controller

7(t)

o e

—— P Kpe(t)

de(t)

+

+l

7+u'

ou(t)

LT

y(t)

t |
> I Kije(t)dt—> Z — Process —T—
0




PID Controller

d The output of the controller is proportional to the error signal (P-
term), the integral signal (I-term), and the derivative of the error signal
(D-term) through the gains Kp, Ki, and Kd, respectively.

A In practice, variations of the above control law are also implemented,
such as a Pl controller, which has only the P and | terms, or a PD
controller, which has only the P and D terms.



P - Controller

Jd With the proportional mode, the size of the controller output
is proportional to the size of the error.

O This means that the correction elements of the control
system (eg: valve), will receive a signal which is proportional to
the size of the correction required.

d A gain element with transfer function Kp in series with the
forward-path element G(s)

E U
R(s) + (s) ” (s) — C(ﬂ
U(s) = KpE(s)
U
() _ .

E(s)



D- Controller

J With the derivative mode of control the controller output is
proportional to the rate of change with time of the error signal.
This can be represented by the equation

de

controller output = K y
[

Kp is the constant of proportionality. The transfer function is
obtained by taking Laplace transforms, thus

controller output(s) = K ,sE(s)

Hence the transfer function is Kp,S



D- Controller

d With derivative control, as soon as the error signal begins to
change, there can be quite a large controller output since it is
proportional to the rate of change of the error signal and not its
value,

4 Rapid initial responses to error signals thus occur.

d The controller output is constant because the rate of change
Is constant and occurs immediately the deviation occurs.

Q Derivative controllers do not, however, respond to steady-
state error signals, since with a steady error the rate of change
of error with time is zero.

O Because of this, derivative control is always combined with
proportional; the proportional part gives a response to all error
signals, including steady signals, while the derivative part
response to the rate of change.



D- Controller

R(s) +

E(s)

U(s)

G(s)

C(s)

U(s) = KpsE(s)

U(s)
E(s)

=KDS



PD- Controller

d Derivative control is never used alone because it is not
capable of giving an output when there is a steady state error
signal and so no correction is possible.

4 It is thus invariably used in conjuction with proportional
control so that this problem can be resolved.

4 With proportional plus derivative control the controller output
IS given by
de

controller output=K e+ K, —
P D df

Kp is the proportionality constant and Kp the derivative
constant, de/dt is the rate of change of error.



PD-

Controller

R(s) +

E(s)

K; + K8

U(s)

G(s)

C(s)

Uls)
E(s)

= Kp+ Kps

U(s) = (Kp + Kps)E(s)



| - Controller

O The integral mode of control is one where the rate of change
of th control output I is proportional to the input error signal e:

ﬂzK,e
dt

K: is the constant of proportionality and has units of 1/s.
integrating the above equations gives

]Trd[ :jK,e ds /
0

lo

out

~I,=[K,eds
0

Io is the controller output at zero time, Iout is the output at time
ol



| - Controller

R(s) +

E(s) U(s) C(s)
K;/s }—»| G(s) &
U(s) = Kff“}
U(s) Kr

E(s) s




Pl - Controller

d The integral mode of control is not usually alone but is
frequently used in conjuction with the proportional mode. When

integral action is added to a proportional control system the
controller output is given by

controller output = K ,e + KJ,J.e dt

R(s) + E(s)

U(s)
P e b

Ul(s) = (Kp + %) E(s)

U(s) _
E(s) i 8




PID - Controller

d Combining all three modes of control gives a controller known
as a three-mode controller of PID controller.

R(s) +< E(s) = U(s) C(s)
KP‘*‘T"‘“KDS —» G(S) |—e——

de(t)
dt

u(t) — Kpe(t) + K f e(t)dt + Kp
Apply Laplace transform on both sides -
K
U(s) = (Kp + TI + KDS) E(s)

U(s)
E(s)

K
=KP+TI+KDS



The Characteristics of P, |, and D controllers

A proportional controller (Kp) will have the effect of reducing the
rise time and will reduce, but never eliminate, the steady-state
error.

An integral control (Ki) will have the effect of eliminating the
steady-state error, but it may make the transient response worse.

A derivative control (Kd) will have the effect of increasing the
stability of the system, reducing the overshoot, and improving the
transient response.



Proportional Control

By only employing proportional control, a steady state error
occurs.

Proportional and Integral Control

The response becomes more oscillatory and needs longer to
settle, the error disappears.

Proportional, Integral and Derivative Control

All design specifications can be reached.



The Characteristics of P, |, and D controllers

CL RESPONSE RISE TIME OVERSHOOT SETTLING TIME S-S ERROR

Kp Decrease Increase Small Change Decrease

Ki Decrease Increase Increase Eliminate

Kd Small Change Decrease Decrease Small Change



Tips for Designing a PID Controller

Obtain an open-loop response and determine what needs to be improved
Add a proportional control to improve the rise time
Add a derivative control to improve the overshoot

Add an integral control to eliminate the steady-state error

A A A

Adjust each of Kp, Ki, and Kd until you obtain a desired overall
response.

Lastly, please keep in mind that you do not need to implement all three
controllers (proportional, derivative, and integral) into a single system, if not
necessary. For example, if a Pl controller gives a good enough response (like the
above example), then you don't need to implement derivative controller to the

system. Keep the controller as simple as possible.



Questions

P4.11 One important objective of the paper-making

process is to maintain uniform consistency of the
stock output as it progresses to drying and rolling.
A diagram of the thick stock consistency dilution
control system is shown in Figure P4.11(a). The

Determine (a) the closed-loop transfer function
T(s) = Y(s)/R(s). i

(c) the steady-state error for a step change in the
desired consistency R(s) = A/s. (d) Calculate the
value of K required for an allowable steady-state

amount of water added determines the consistency. error of 2%.

The block diagram of the system is shown in Figure
P4.11(b).Let H(s)=1 and

K 1
“O=g%rr “YWenaT
Water
l Desired consistency = R(s)
= 1
q_
[(s) M |
Valve H‘s Controller |« S r(n:::ssl.:iem“::l

(o] 3
Pulp
mixing

To paper
making

(a)

L B8

Uls)

R(s) O p G.(s)

Gis)

]—b Yis)

His)

Mis)

(b)



Questions

P4.11 (a) The closed-loop transfer function is

_ Gels)G(s) K B K
T 14 Ge(s)G(s) (8s+1)(3s+1)+K 242+ 11s+1+ K

T(s)

R(s) D% 3 1le.g.1
E(s) = — maad [ - (5)1;
1+ G.(s)G(s) 2452 +11s+ K + 1
With
A
R(s) = —.
S
we have
. A
Cg = ggl(l)sE(s) =5 "

(d) We want |e(t)| < 0.024 as t — oo . So,

implies



Questions

P4.12 Two feedback systems are shown in Figures P4.12(a)
and (b). (a) Evaluate the closed-loop transfer func-
tions 7y and 7, for each system.

R(5) Yis)

Yis)

(b)



Questions

(a) The two transfer functions are
KK
2 4+ 35— 4+ 6K K5

Ti(s) =

KK
Ty(s) = 1149

s2 + (3 — 2K + 2K2)s — 4 + 8K» + 2K — 4K Ky
When K7 = K9 = 1. we find that

1

Ti(s) = Ta(s) = + 35+ 2




Questions

AP4.1 A tank level regulator control is shown in Figure
AP4.1(a). It is desired to regulate the level H(s) in
response to a disturbance change (s(s). The block
diagram shows small variable changes about the equi-
librium conditions so that the desired H,(s)= 0.
Determine the equation for the error E(s), and
determine the steady-state error for a unit step dis-
turbance when (a) G(s) = K and (b) G(s)= K/s.

Hy(s)=0
Desired + ~ Error

i

Capacitance C

Controller

hit)

L

:'iq (1) qut f)
T

.

height > £
variation -

4+ h Orifice
| Y |— a0
Constant = R
(a)
Q_'.;{ &)
Controller
R +r” His)
Gis) RCs+ 1 _:h'\,_,.f » Height

variation

(b)



Questions

AP4.1 The plant transfer function is

R
Gp(s) = ———— .
) = et
The closed-loop output is given by
1 GGp(s)
H(s) = F Hg(s) .
() =13 G(;p(s)Q“"(”) 11 GG,(s) ()

Therefore, with F(s) = Hg(s) — H(s), we have

since Hg(s) = 0.
(a) When G(s) = K, we have

: —1
oo TIPS T RE

(b) When G(s) = K/s, we have

€ss = lim sE(s) =0 .

5—0



The Root Locus Design Method

(invented by Walter R. Evans in 1948)

Consider this unity feedback configuration:

R—— ) K |—{L(s) %

where

» /X is a constant gain
b(s)
al(s)

> L(s) =

, where a(s) and b(s) are some polynomials



The Root Locus Design Method

R—( —| K |—|L(s) %

Y KL b(:
Closed-loop transfer function: 1% K(zzs) L(s) = a((z))
Closed loop poles are solutions of:
1
1+ KL(s)=0 & L(s) = I
)
- Kb(s) _0
a(s)
0
a(s) + Kb(s) =10 characteristic equation
characteristic

polynomial




A Comment on Change of Notation

Note the change of notation:

s b(s
from H(s) or G(s) = als) to L(s) = (5)
(s) a(s)
— the RL method is quite general, so L(s) is not necessarily
the plant transfer function, and /K is not necessary feedback
gain (could be any parameter).

-

E.g.. L(s) and K may be related to plant transfer function and
feedback gain through some transformation.

As long as we can represent the poles of the closed-loop transfer
function as roots of the equation 1 + K L(s) = 0 for some choice
of K and L(s). we can apply the RL method.



Towards Quantitative Characterization of Stability

Qualitative description of stability: Routh test gives us a range
of I to guarantee stability.

| Im
settling A
time

|-
< t_ll{l?

For what values of ' do we best satisfy given
design specs?’



Root Locus and Quantitative Stability

R?{}*kiaL@) .Y

Y KL(.
Closed-loop transfer function: — (5) . L(s)

R 1+ KL(s) ~ a(s)

For what values of & do we best satisfy given design specs?

Specs are encoded in pole locations, so:

The root locus for 1 + K L(s) is the set of all closed-loop
poles, 1.e., the roots of

1+ KL(s) =0,

as X varies from 0 to oco.




A Simple Example

L(s) = 2 i . b(s) =1, a(s) =s*>+s

Characteristic equation: a(s)+ Kb(s) =0
2 -
s“+s+ K =0
Here, we can just use the quadratic formula:

1£VI—4K _ 1 VI-4K
; -

2 2

S5 =

Rootlocus{éi 124K :0<K<00}C(C




TD Specs in Frequency Domain
We want to visualize time-domain specs in terms of admuissible
pole locations for the 2nd-order system
w% o? + wg
H(s) = — 2~ 22
s+ 2Qwps +wi (s +0)* +wg

where o = (w,

Im

W, :(72+w§

( = Ccosy




Formulas for TD Specs

w? o2 + Lu(zf

H(s) — — n _ = ; —
(5) s2 4 2Qwns + w?zl', (S T O-)Z T Lu‘é

1.8
t, ~ —
W,
P T
7=
-
M, =exp | — C

Vi@

2



Example, continued

Rootlocus—{—éi 124B :0<K<00}C(C

Let’s plot it in the s-plane:

» start at X =0 the roots are —% + % = —1.0
note: these are poles of L (open-loop poles)

Im
Iy




Example, continued

Root locus: {é ! ; i O< K < oo} c C

» as K increases from 0, the poles start to move

1 —4K >0 — 2 real roots
K=1/4 — 1 real root s = —1/2

Im

A

0




Example, continued

Root locus: {1i -4k ZO<K<OO}CC

2 2
» as K increases from 0. the poles start to move

K >1/4 —> 2 complex roots with Re(s) = —1/2

Im
‘ A
——X—PNa—x ~Re
—1 1 0
2
\ |

(s = —1/2 is the point of breakaway from the real axis)



Example, continued

Compare this to admissible regions for given specs:

3 1
te A2 — want o large, can only have o = — (t, = 6)
a ’
1.8 .
t, ~ — want w,, large =— want K large
Wn
M, want to be inside the shaded region = want A small
Im
A
increase B’I
Xx—pXa ~Re
—1 0




Im

increase v T

X—X-a - R
1" g o ¢
2
\J

Thus, the root locus helps us visualize the trade-off between all
the specs in terms of K.

However, for order > 2, there will generally be no direct formula
for the closed-loop poles as a function of K.

Our goal: develop simple rules for (approximately) sketching
the root locus in the general case.



Equivalent Characterization of RL: Phase Condition

Recall our original definition: The root locus for 1 + K L(s) is
the set of all closed-loop poles, i.e., the roots of

1+ KL(s)=0,

as I varies from 0 to oc.
A point s € C is on the RL if and only if

1
L(s) = % for some K > 0
—’

negative and real
This gives us an equivalent characterization:

The phase condition: The root locus of 1 + K L(s) is the set
of all s € C, such that ZL(s) = 180°, i.e., L(s) is real and
negative.



Rules for Sketching Root Loci

There are sz rules for sketching root loci. These rules are
mainly qualitative, and their purpose is to give intuition about
impact of poles and zeros on performance.
These rules are:

» Rule A — number of branches

» Rule B — start points

» Rule C — end points



Rule A: Number of Branches

b(s) _, Y i bis™ !+ bimo1s by 0
a(s) s"+ays" 1+ ... +a,_ 15+ a,
— (s" + ay sl 4 a, s+ )

-+ I{(Sﬂl + blsﬂl_l + ...+ b:-'n.—ls + b'm-) =0

1+ K

Since deg(a) = n > m = deg(b), the characteristic polynomial
a(s) + Kb(s) = 0 has degree n.

The characteristic polynomial has n solutions (roots),
some of which may be repeated. As we vary K. these n
solutions also vary to form n branches.

Rule A:
#(branches) = deg(a)



Rule B: Start Points

The locus starts from X = 0. What happens near K = 07
If a(s) + Kb(s) =0 and K ~ 0, then a(s) = 0.
Therefore:

» s is close to a root of a(s) =0, or

» s is close to a pole of L(s)

Rule B: branches start at open-loop poles.



Rule C: End Points

What happens to the locus as K — o0?

a(s)+ Kb(s) =0
1
b(s) = —Ea(s)
— as K — oo,
» branches end at the roots of b(s) =0, or

» branches end at zeros of L(s)

Rule C: branches end at open-loop zeros.

Note: if n > m. we have n branches, but only m zeros. The
remaining n — m branches go off to infinity (end at “zeros at
infinity”).
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PD control of an unstable 2nd-order plant
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We will examine the impact of varying K = Kp, assuming the

ratio Kp/Kp fized.



Example

PD control of an unstable 2nd-order plant
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We will examine the impact of varying K = Kp, assuming the

ratio Kp/Kp fized.

Let us write the characteristic equation in Fvans form:

K 1 s+ Kp/K
S5 —

—— Kp s2 —1
K ~ e d
L(s)
s — z N
L(s) = ! zero at s =z = —Kp/Kp <0



Example

S — 21
L(s) = ——
(S) s2 —1
m =1
» Rule A: 5 — 2 branches

» Rule B: branches start at open-loop poles
» Rule C: branches end at open-loop zeros
(we will see why —oo later)

So the root locus will look something like this:
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~ breakaway point
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s = =+1

s = z1, —0Q



X - Re
0

~ breakaway point

Why does one of the branches go off to —o0?
52—1—}—[{(8—21):0
s+ Ks—(Kz +1)=0

K K2 . . ,
5:—?i T+le+l, z1 <0 as I — oo, s will be < 0



R
0 % e

™ breakaway point

Is the point s = 0 on the root locus?

Let’s see if there is any value K > 0, for which this is possible:

1+ KL(0) =0

1
1+ Kz =0 K = —— > 0 does the job

<1



From Root Locus to Time Response Specs

For concreteness, let’s see what happens when

Krp/hr[) = —z =2 and K = rD =)H = I{P =10

Kp + Kps Y

oy
e
_/

Ge(s) =10 + bs

u = 10e + He. c=1r—1

s2—1

s2L55+L9=0

_— : s+ 2
Characteristic equation: 145 ( * ) =0

Relate to 2nd-order response:  w? =9, 2(w, =5 = ( = 5/6



Example 1: System with Two Real Poles

K
s(s+2)

System Transfer Function: G(s) =

Goal: Sketch the root locus as K varies from 0 to co.

Step-by-Step Solution
1. Locate Open-Loop Poles and Zeros:
* Poles (roots of the denominator when K = 0): p; =0, p, = -2.

« Zeros (roots of the numerator): None in the finite s-plane.

2. Determine the Number of Branches:

¢ The number of branches is equal to the number of poles (P), which is 2. The
number of finite zeros is Z = 0.



3. Identify Root Locus on the Real Axis:

* A point on the real axis is part of the root locus if there is an odd number of poles
and zeros to its right.

* Region between s = 0 and s = —2: To the right of any point in this region, there is
one pole at s = 0 (odd number). So, the locus exists here.

* Region to the left of s = —2: To the right of any point here, there are two poles
(even number). No locus here.

* Region to the right of s = 0: To the right of any point here, there are no poles
(even number). No locus here.

4. Find Breakaway/Break-in Points:

* The branches on the real axis move towards each other as K increases and meet
at a breakaway point.



K
s(s+2)

* Form the characteristic equation: 1 + =0=s"+2s+K=0.

» Express Kintermsof 5s: K = —(s2 + 25).

» Differentiate K with respect to s and set the derivative to zero to find the points
where the locus might break away:

dK

ds

=—-2s+2)=0.
» Solving for s, we get s = —1.
» This point is within the valid real-axis locus segment (between O and -2), so
s = —1 is the breakaway point.
5. Determine Asymptotes (if any):
e Number of asymptotes: P—Z=2-0=2,

+180°(2m+ 1)  +180°
P=Z R

Y Poles — ) Zeros _(0+(-2) _
P—Z D

= 490",

* Angles of asymptotes: 8, =

-1.

* Centroid of asymptotes: 6, =



Imaginary Axis (seconds'1)

6. Sketch the Root Locus:
e Thetwo branchesstartats =0ands=—-2for K =0.

» They move towards each other along the real axis, meet at the breakaway point
s =-1.

* For K > Kypegkaway the roots become a complex-conjugate pair and move
vertically along the asymptotes (s = —1 % jw) into the complex plane (forming a
vertical line centered at s = —1).

* The system is always stable for all K > 0 as the locus remains in the left-half s-
plane.
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Example 2: System with Two Real Poles and One Zero

K(s+1)

System Transfer Function: G(s) = SG+2)

Goal: Sketch the root locus as K varies from 0 to co.

Step-by-Step Solution
1. Locate Open-Loop Poles and Zeros:
*» Poles:p; =0, p, =-2.

» Zeros:z; =—1.

2. Determine the Number of Branches:
» Number of branches: P= 2.

* One branch will end at the finite zero s = —1 (as K — oo) and the other will go to
infinity.



3. Identify Root Locus on the Real Axis:

* Region between s = 0 and s = —1: To the right, we have one pole at s = 0 (odd
number). Locus exists here.

* Region between s = —1 and s = —2: To the right, we have one pole and one zero
(even number). No locus here.

* Region to the left of s = —2: To the right, we have two poles and one zero (odd
number). Locus exists here.

* Region to the right of s = 0: No locus here.



4. Find Breakaway/Break-in Points:

Characteristic equation:

K(s+1) 7 2
+ ——=0=s5"+25+ K5+ 1)=0= 5+ 2+ K)s+ K=0.
s(s+2)
. 32+25
Express Kinterms of s: K = — :
s+ 1

Differentiate K with respect to s using the quotient rule, and set the derivative to
Zero:

dK  (2s+2)(s+ 1) — (" +25)(1)
ds (s + 1)2 -
(25 +2)(s+ 1) — (s> +25) =0
252+23+23+2—32—Es:ﬂ

5 +2s5+2=0.

0.

The roots of this quadratic equation are

—2+4/22-4(1)2) -2++/-4
2 B 2

These are complex-conjugate points, not on the real axis, so they are break-in
points where the complex loci meet the real axis (though in this specific second-
order case, the locus doesn't reach the complex plane).



5. Determine Asymptotes:
*» Number of asymptotes: P-Z2=2-1=1.

£180°2m+1) _ o

* Angle of asymptote: 8, =

O+E=2) =D

1.
|

*« Centroid: ¢, =

« The single asymptote 1s on the real axis at s = —1.



6. Sketch the Root Locus:

One branch starts at s = 0 and moves left along the real axis towards s = —1. It
terminates at the zeroat s = -1 as K — co.

The other branch starts at s = —2 and moves left along the real axis. It goes to
infinity along the 180" asymptote centered at s = —1.

The entire root locus lies on the real axis and the system is always stable for all

K > 0. Adding the zero pulled the locus further into the left-half plane compared
to Example 1, allowing for a higher stable gain.

Root Locus
0.4 T

03— —

Imaginary Axis

-03 — -

o4 \ \ \ \ \ \ \




. K(s+1)
T fer Function: G(s)H(s) =
ransfer Function: G(s) H(s) SGEG13)

1. Poles and Zeros: Poles at s = 0, -2, =3. Zero at s = —1.

2. Real Axis Segments: Locus exists between 0 and —1, and between —2 and 3.

3. Asymptotes:
1. Number of asymptotes (n —m) =3 -1 = 2.

2. Angles: 180 (Z;k +1) = +90°.

3. Centroid (5,): O-2 _? — =D = _24 = -2,




4. Breakaway/Break-in Points: Solve daK = 0.

ds
] K__S(s+2)(s+3)__33+552+6s
' s+ 1 s+ 1 '

2. Differentiating gives s &~ —0.634 (breakaway between 0 and -1) and s = —2.366
(break-in between -2 and -3).

5. Stability: Since branches move toward the left-half plane or terminate at the zero at
—1, the system is stable for all K > 0.
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K(s+4)

T fer Function: G(s)H(s) =
ransfer Function: G(s) H(s) SG12)

1. Poles and Zeros: Poles at s = 0, —2; Zero at s = —4.

2. Real Axis Segments: Locus exists between 0 and —2, and to the left of —4 (from —4 to
—00).

3. Breakaway/Break-in Points:

52+ 2s

1. Characteristic Equation: s> +2s + K(s +4) =0 = K = — 1
5

dK _ (2s+2)(s+4) = (s +2s)(1) _

2. &8
ds (s +4)

0.

3. Simplifying: s + 85 + 8 = 0.
4. Breakaway: s ~ —1.17 (between O and -2).

5. Break-in: s ~ —6.83 (to the left of -4).

4. Locus Shape: The branches break away at —1.17, form a circular arc, and break back

into the real axis at —6.83. One branch ends at the zero (s = —4) and the other goes to
_m_



Imaginary Axis (seconds'1)

Root Locus
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K
s24+4s5+ 13

Transfer Function: G(s) H(s) =

—41\!16—52)

1. Poles: s = —2 + j3 (Found via quadratic formula: >
2. Real Axis Segment: None (no real poles or zeros to provide an odd count on the axis).

3. Asymptotes:
1. Angles: +90°.

(243 +(=2-73) _
: _

2. Centroid:

. Locus Shape: Two vertical lines starting from the complex poles and moving toward

+joo at Re(s) = —2.
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