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System’s Response

* \We can find the time response of dynamic
systems for arbitrary initial conditions and
Inputs

y(@) =LY ()] = L7[G(s)U(s)]

» Classifying the response of some standard
systems to standard inputs can provide
Insight
* Ex Systems: first order, second order

* Ex Inputs:  impulse, step, ramp, sinusoid



System’s Order

The order of the system is given by the maximum power of s in the denominator polynomial, Q(s).
Here, Q(s) =4, 8"+, 8 +2, 8 + ..o +a sta,

Now, n is the order of the system |

When n = 0, the system is zero order system.

When n = 1, the system is first order system.

When n = 2, the system is second order system and so on.

The numerator and denominator polynomial of equation (2.10) can be expressed in the factorized
form as shown in equation (2.11).

T9)= P(s) - (s+2)(s+2).... n(s+z!2
QS)  (s+p)(s+py).cnne (s+p,)
where, 2z, 2, .....z_are zeros of the system.

Pys Py D, are poles of the system.

Now, the value of n gives the number of poles in the transfer function. Hence the order is also
given by the number of poles of the transfer function.

wed2.11)



Transient Response and Steady-State
Response.

The time response of a control system consists of two parts:

- the transient response

- and the steady-state response.
By transient response, we mean that which goes from the initial
state to the final state.
By steady-state response, we mean the manner in which the
system output behaves as t approaches infinity. Thus the system
response c(t) may be written as

c(t) = ctr(t) + css(t)



Dynamic Behavior

In analyzing process dynamic and process control systems, it is
Important to know how the process responds to changes in the

process inputs.

A number of standard types of input changes are widely used for
two reasons:

1. They are representative of the types of changes that occur
In plants.

2. They are easy to analyze mathematically.



Laplace Transform of Standard Inputs

Step Function:

The unit step function is,

u(t) 1 fortz=0

0 fort<0
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Laplace Transform of Standard Inputs

Ramp Function:

The unit ramp function is defined as,

fort=0
fort<0

it) =t
0

L [x(t) = Tr([) e dt = T e ™ ke
i)

Integrating by parts,

_ 1 e ™1 1fe™ of .
o8| s H_E iy B
1
L -
ol = 5
Litu®} = 4 as t{t) = ¢ u(t)
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Laplace Transform of Standard Inputs

Impulse Function:

The unit impulse function is §(t) and defined as,

Ei(t) =1 fort=0
=0 fort=0

We know the relation between unit step and unit impulse.

0 = 5

Taking Laplace transform of both sides,

L {3(t)} = L{d‘:u@}

L {%@} = s F(s) - £ (07)

L {8(t) = s. Lu)) - u(t),_,-
u(t}|hu_. =0
Liu@®) =

L {89} = s.-0
L{5( =1



FIRST-ORDER SYSTEMS

= Consider the first-order system shown in Figure 5-1(a).

Physically, this system may represent an RC circuit, thermal

system, or the like

C(S) 1 Ris) E(s) |

#— e

Cis) R(s)

R(s) Ts+ 1 T

|

- =

Ts+1

= Unit-Step Response of First-Order Systems. Since the

Laplace transform of the unit-step function is 1/s, substituting

R(s)=1/s into Equation, we obtain

C(s) =

Expanding C(s) into partial fractions gives

. r _1

S_Ts+1:s 5§ +

C(s) =

o
(1/T)

1 1

Ts+1s5

c(t) =1— e,

fort = ()

Cls)



cty=1—¢€e"",  fort=0

Equation states that initially the output c(t) is zero and finally it becomes
unity.

One important characteristic of such an exponential response curve c(t)
is that at t=T the value of c(t) is 0.632, or the response c(t) has reached
63.2% of its total change

This may be easily seen by substituting t=T in c(t).That is,
c(T)=1-e~1 =0.632
The exponential response curve c(t) is shown.

In one time constant, the exponential response curve has gone from 0
to 63.2%of the final value.

In two time constants, reaches 86.5%. /Slopez%
Att=3T, 4T, and 3T, the response l
reaches 95%, 98.2%, and 99.3%,

Thus, fort > 4T, the response

remains within 2%. 0.632
As seen from Equation

, the steady state is reached

mathematically only after an

infinite time.

C(!} — I _E—“-'I_I

1




» Unit-Ramp Response of First-Order Systems.

= Since the Laplace transform of the unit-ramp function is 1/s2, we obtain
the output of the system of

| 1
C(s) = —
Ts + 1 5 LONY
. . " . ‘ ‘ clt
Expanding C(s) into partial fractions gives )
- - |
C(s) =5 -~ +— ! %2
s s Ts+1 r
Taking the inverse Laplace transform: al <
c(ty=t—-T +Te'",  fort =0 [ @
2T
The error signal e(f) 1s then
e(t) = r(t) = c(t) o
— T{l _ E—I,fT) 0 2T 47 6T t

Above Equation states that initially the output c(t) is zero and finally it becomes unity



Unit-Impulse Response of First-Order Systems. For the unit-impulse input,
R(s) = 1 and the output of the system of Figure 5-1(a) can be obtained as

1
C(s) = 5-7
&) = T 11 6N
The inverse Laplace transform of Equation (5-7) gives
c(t) = ie"”T, fort =0 (5-8)

T

The response curve given by Equation (5-8) 1s shown in Figure 5-4.
clt)

1
T

Section 5-2 / First-Order Systems 163



= for the unit-ramp input the output c(t) is

c(ty=t—T + Te'T, fort =0

= For the unit-step input, which is the derivative of unit-ramp input, the
output c(t) is
c(t)y =1— e, fort =0

= Finally, for the unit-impulse input, which is the derivative of unit-step
Input, the output c(t) is

1
c(t) = ?e_’”, fort = 0

Comparing the system responses to these three inputs clearly indicates that the response
to the derivative of an input signal can be obtamed by differentiating the response of the
system to the original signal. It can also be seen that the response to the integral of the
original signal can be obtamed by integrating the response of the system to the original
signal and by determining the integration constant from the zero-output nitial condi-
tion. This 1s a property of linear time-invariant systems. Linear time-varying systems and
nonlinear systems do not possess this property.



= First-Order Systems:

G(s) =

= Step Response:

output (v)

(.84

0.6k

0.4k}

0.2k

0
0

/initial slope=1/t

Y(s) Kk

U(s) 7s+1

—

f 2T 3-1:

time (1)

41

5'1:



Transient Response Specifications: Rise Time
Let’s first take a look at Ist-order step response

H(s) = ! . a >0 (stable pole)

S+ a
DC gain =1 (by FVT)

L 4 H > 1 1
Step response: Y (s) = i") . q(qi a) " s 8 + a

y(t) = LYY (s)} = 1(t) — e ™

jo
A
Gi(s) s-plane
R(s) a | €
— ™s+a| = X —=¢0
—a




Rise Time
Step response: y(t) = 1(t) —e ™

¥(7)
1.0_
0.8}
0 6: Rise time t,: the time it
i takes to get from 10% of
041 steady-state value to 90%
0.2}
I 1 I I I I 1 I I I I 1 1 I I 1 1 r
0.5 1.0 1.5 20

In this example, it is easy to compute ¢, analytically:

0.9
| —emofor =01 01 =09  t5, = ——
a
In0.1
1 — e—a.to_g — 0.9 e—a.to_g — 01 to,g _ 1n
a

In0.9 —1n0.1 B In9 2.2

tr =t09 —to1 = —
a a (L




. 50
PROBLEM: A system has a transfer function, G(s) = - ="
stant, T, scttling time, T, and rise time, T,. ST

Find the time con-

ANSWER: 7,.=0.02s, T, =0.08s, and T, = 0.044 s,

The complete solution 1s located at www.wiley.com/college/nise.



Second-Order Systems

w?

H(s) — n
) = 1 %Cwns + o

By the quadratic formula, the poles are:

s = —(w, * w.n\/C_,’Qi—l
= —w, (¢ VE 1)

The nature of the poles changes depending on (:

» (> 1 both poles are real and negative

» (=1 one negative pole

» (<1 two complex poles with negative real parts
s = —0 & Jwy

where o= C(wn, wg=wpV1—C_



Prototype 2nd-Order System

The poles are

H(s) =

W

¢ <1

s2 + 2Cw,s + w2

S = _Cwn + jwn V I — CQ = —0 &£ jwy

0

Note that
2 2 2 2 2
o~ + Wy = C W =+ Wn
2
wn-
Cwr,
cosp = 1 =(

_ ng



2nd-Order Response
Let’s compute the system’s impulse and step response:

W w2

H §) — n _ = 'i}’
)= 2wns +wy (54 0)? +wy

» Impulse response:

w2 fwy)wy
ht) =2 {H(s)} =2 { (s-(+n£)2d)+ i’é }

2
wn. —at

= —e 7" sin(wgqt) (table, # 20)
Wd

» Step response:
g—l H(b) _ g—l 0-2 + wCQf
s s[(s 4+ )2 + w3

—1—e 7 (cos(wdf) + 2 Sin(wdt)) (table, #21)

d




2nd-Order Step Response

2 2

w ws,

H ._‘ p— n p— . P
() §2 4+ 2wps +wZ (s +0)?+w?

u(t) _ 1(t) SN y(t) — 1 _ Ot (cos(wdt) + :; Sill(wdt))

where 0 = (w,, and wy = w,+/1 — ¢? (damped frequency)
y(® .
_ The parameter ¢ is called
15l the damping ratio

: /\ » ( > 1: system is
1.0} / overdamped
\_/ > ( < 1: system is

_ — 7=0.1
0.5} underdamped
- — =09
— =1 » ( = 0: no damping

......................... { (de — wﬂ.)



2nd-Order Step Response

" B
$2 + 20wps + w2 (s+0)% + w?

?L(f) _ 1(t) _ ’_Zj(t) — 1 _ e Ot (Cos(wdt) =+ ; SiIl(wdt))

where 0 = (w,, and wy = w,/1 — 2 (damped frequency)

We will see that the parameters ¢ and w,, determine certain
important features of the transient part of the above step
response.

We will also learn how to pick ¢ and w,, in order to shape these
features according to given specifications.



Transient Response Specs

Now let’s consider the more interesting case: 2nd-order response

w2 o2

H (5) o n _ n

where 0 = Cw,, wg = wn/1 — (2 (C < 1)

Im

o
Step response: y(t) =1 —e 7 (cos(wdt) + — Sin(wdt))
W



Transient-Response Specs

o
Step response: y(t) =1—e"7" (cos(wdt) + — Sin(wdt))
wd

o
I~
T

""""""iU”I
14

» rise time #, — time to get from 0.1y(oo) to 0.9y(o0)
» overshoot M, and peak time t,

» settling time ¢, — first time for transients to decay to
within a specified small percentage of y(occ) and stay in
that range (we will usually worry about 5% settling time)



Transient-Response (or Time-Domain) Specs

|
|
|
|
A b 1 AN
2 4 6 8 10 12 14

Do we want these quantities to be large or small?
» t, small
» M, small
» t, small
» ., small

Trade-offs among specs: decrease t, — increase M, ete.



14

12

10

12}



Formulas for T'D Specs: Rise Time
v(1)
14,
1.2f
1_{}_::::: -z
0.8[
0.6f
04f
02f/ |

! wnf

|
|
|
|
|
|
|
|
|
|
:
|
Wity 1Wnls
8

10 12 14
Rise time 7, — hard to calculate analytically.
Empirically, on the normalized time scale (t — w,, ), rise times
are approrimately the same

wpt, =~ 1.8 (exact for ¢ = 0.5)

1.8

w-n,

So, we will work with ¢, ~ (good approx. when ¢ ~ 0.5)



Formulas for TD Specs: Overshoot & Peak Time

14,
1.22
10F-z22f-c
0.8
0.6f
04f
0.2; !

t, is the first time t > 0 when y/(t) = 0

y(t) =1—e" 7" (COS(wdt) + 2 Sin(wdt))

Wd

2

o

y (1) = (— + wd) e 7' sin(wgt) = 0 when wyt = 0, 7. 27, ...
W



Formulas for TD Specs: Overshoot & Peak Time

y(1)
14-

12f
10Fzz2fzC
0.8
0.6
0.4}
02F/ !

We have just computed t, = —
Wd

To find M, plug this value into y(?):

ﬂjp — y(fp) —1=—¢ wa (COS (Wdﬂ_) + - Sl (wdﬂ_))
Wy W Wd

oX ( mr) XD S t f |
p— B — — — exXact 1ormula
P o I ,—1 — CQ




Formulas for T'D Specs: Settling Time

y(7)
14r
12F : M,
1-0_55553_553555: T T
o8f [ i
o6f [I | |
04f [ 1
o028/ | |
Onlr wnty o \wnts w, 1
2 6 8 10 12 14
_ ") — y(oco
t, = min {t >0 () — y(o0)] < 0.05 for all ¢ > t} (here.
y(o0)
y(oo) = 1)
| L _ _—ot i
y(t)— 1| =e cos(wgt) + — sin(wgt)
Wd
here, e=7% is what matters (sin and cos are bounded between

In 0.05 N

3
o o

+1), so e” 7= < 0.05 this gives t3 = —



Formulas for TD Specs

w? o + l:,ué,

H(s) = — e 2 4
(5) 52 + 2Cwns + w3 (5+U)2+wé

1.8
by =~ —
W
b (s
P Wi
¢
M,=-exp| —
V1=¢
3
s = —
o



PROBLEM: Given the transfer function

_ 100
 §2 4+ 155 + 100

G(s) (4.43)

find 7,, %OS, T,, and T,.



SOLUTION: @, and { are calculated as 10 and 0.75, respectively. Now substitute
{ and w, into Egs. (4.34), (4.38), and (4.42) and find, respectively, that
T, =0475 second, %0OS=2.838, and T; =0.533 second. Using the table
in Figure 4.16, the normalized rise time isapproximately 2.3 seconds. Dividing by e,
yields T, = 0.23 second. This problem demonstrates that we can find T},, % OS, T,
and T, without the tedious task of taking an inverse Laplace transform, plotting the
output response, and taking measurements from the plot.



Jja

A Finding T, %05, and T, from Pole Location
X 1=y
\ PROBLEM: Given the pole plot shown in Figure 4.20,find ¢, w,, T)p,
\ %08, and T,.
"‘.,I s-plane
x
A \
g
\
\ -0
-3 :—ﬂ'd .."I
/
|I|III|I
|'I|lI
|'I|III|I
/ . .
% JT1="jay

FIGURE 4.20 Pole plot for Example 4.6



A Finding T,, %0S, and T, from Pole Location
X iT = jay : - .
\ PROBLEM: Given the pole plot shown in Figure 4.20, find ¢, wn, T),
\ %OS, and T.
\ s-plane : N
\ SOLUTION: The damping ratio is given by ¢ = cos ¢ = cos|arctan
"'-.\ (7/3)] = 0.394. The natural frequency, w,, is the radial distance
/‘ from the origin to the pole, or w, = \/7° + 3" = 7.616. The peak
o\ time is
- T i
—3-04 | =0 T, = "y = — = (.449 second (4.46)
f; The percent overshoot is
/ %08 = e “VI=E) 5 100 = 26% (4.47)
f.-“ The approximate settling time 1s
I
J1="Jo 4 4
X ‘ T, = — — = — 1.333 seconds (4.48)
FIGURE 4.20 Pole plot for Example 4.6 o4 3



WileyPLUS PROBLEM: Find ¢, w,, T, Ty, T,, and %OS for a system whose

| WPCS _ 361

control Solutions transter function 1s G(s} = 2+ 16s - 361

ANSWERS:
(=0421, w, =19, T, =05s, T, =0.182s, T, = 0.079 s, and % OS = 23.3%.



Second-Order Systems

J}f’l ¥

Im (joo)

A

- X X s-plane
({=0) undamped (¢=1) crit damped
}{ X X > Re (o)
U]
A J;E"}
X X

> {

(0<¢< 1) underdamped ((>1) overdamped




System Pole-zero plot

Response

Gix)
1
R‘ = = C'
@ =5, b (s)
s~tas+h
General
clf) clf)=1+0.171e 7854
1 L1717 148
Gis)
1
) Re=s g 9 ) ol
Ty ~7.854 —1.146
Overdamped
TR R R N '
0 I 2 3 4 5
clf) cif) = 1—e *{cosV8t +"% sinv8f)
jw 1.4 =1-1.06e cost/B—19.47%)
s-plane )
| Gis) X | i
R‘S‘_|= - Cf]
(cl . 5 _ 9 (¥ o
F+25+9 0
Underdamped X —ﬁ'ﬁ
clf)
. o(f)=1—cos 3t
jo al
s-pl
| Gis) s-plane i
@ Rers 9 a(s) . 1
240
-3
Undamped -3
| 1 [
0 I 2 3 4 5
jm el(t)
Gis) s-plane o) = | — e M g3
I —
RGs)= 5 C(s)
lﬂ] . 2 g T
s+ hs+ 0 2
Critically damped

FIGURE 4.7 Second-order
systems, pole plots, and step
responses



TD Specs in Frequency Domain

We want to visualize time-domain specs in terms of admuissible

pole locations for the 2nd-order system
wﬁ o2 + L’,ug
H(s) = — 2~ 2, 2
5+ 2Qwps +wi (s +0)* +w;

where ¢ = Cw,
Wi — WnV I — CQ

Step response: y(t) =1 — e 7" (co:s(wdt) + = Sin(wdt))

Im

W, :crngw?i

( = Ccosy




Rise Time in Frequency Domain

Suppose we want ¢, < ¢ (¢ is some desired given value)
1.8 1.8

tr " — < c — Wpn = ——
Wn, C

Geometrically, we want poles to lie in the shaded region:

In

A

1

w'ﬂ -
v\ »
- Re

; .

(recall that w,, is the magnitude of the poles)



Overshoot in Frequency Domain

Suppose we want M, < c

M, = exp ( \/1’*"7(72 <ec — need large damping ratio
— G

W
decreasing function

e

Geometrically, we want poles to lie in the shaded region:
Im
A
C o w-ng
vl—C2 w-n'\/l_CQ

o
— — —cotyp

Yr - Re Wd

— need ¢ to be small

Intuition: good damping —
good decay in 1/2 period




Settling Time in Frequency Domain

Suppose we want t5 < ¢

3
ts & —
o

<c

—

o =

3
C

Want poles to be sufficiently fast (large enough magnitude of

real part):

Im

h

Sln |l w

Intuition: poles far to the
left — transients decay
faster — smaller ¢,



Combination of Specs

It we have specs for any combination of t,., M, 5, we can easily
relate them to allowed pole locations:

Im

A

The shape and size of the
region for admissible pole
locations will change

- Re depending on which
specs are more severely
constrained.

This 1s very appealing to engineers: easy to visualize things, no
such crisp visualization in time domain.

But: not very rigorous, and also only valid for our prototype
2nd-order system, which has only 2 poles and no zeros ...



