In-class Example

ChBosing a Transportation Mode

Hypothetical company has: '

* 1 plant, producing 1 product | Plan i j
* 1 warehouse, storing the product from which customers supplied directly S
* Plant keeps 0 safety stock inventory, warehouse maintains 100 units
» Average customer demand rate at warchouse: 10 units/day

* Plant produces 10 units/day

Suppose we would like to compare two modes of transportation for moving product from the

plant to the warehouse. We rvant to make a mode chonce decision that minimizes total cost.
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+ Shipments in railcars containing at most 400 units

* Cost: $1200 / carload
» Transit time: 20 days
Truck:. |
. Truckloﬁds of at most 100 units
» Cost: $700 / truckload

» Transit time: 3 days Inventory costs

Inventory cost:
o) gacls € GRS of items at plant: $500 / unit
O \.. A t Bl
) o ‘*LS Value of items at warehouse: $512 / unit

( ) gl & D Inventory holding cost rate: 25% of value per year held

Yoo % Plant space cost: $20 / unit*year
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Goal . M o
* Our goal is to determine the optimal shipment size q for each mode, and the total cost of
the optimally configured system.
Assumptions:

* Assume for now that we will never ship more than a single railcar or a single truckload at
a time when minimizing cost y pacif

1. What are the annual inventory holding costs at the production plant? (Include the space
and holding cost in this calculation.)
¥ G D

2. What are the annual inventory holding costs at the warehouse (Include the space and

holding coSt'{t’hx/'s calculation.)

3. What are the pipeline inventory costs for each mode?

4. What are the transportation costs for each mode? 7: [GOEAEES , 1 9
, /
5. What are the total cost equations for each mode of transportation? A
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PERM = ;PERM = N

Iterations:

while PERA # 0:

L. wpemumdehwhuv(p)-m{iﬂ)f.

2. PERM — PERM U {p} S 0 e

3. PERM «— PERM \ {p} RO

4. For every arc (p.j) € A, j € PERM leading from node p:
(a) if v(p) + ¢p; < v(j), then: ' i : 8

o v(j) —v(p) +¢p
e pred(j) — p

all other nodes.
2. Mark all nodes as unvisited. Set initial node as current.

connecting it with anothernode(B) is 2, thedxstaneetoBtlno@" \
this distance is less than the previously recorded dlstance (mﬂmfy
for the initial node), overwrite the distance.
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Example # 1: Given the graph in the Figure shown below, ﬁndthesbormtpqli
using the vertex A as the starting source. UseDukstrasalgomhm

2 ¢ —”wf\(w’kfs
7 (on(ﬁ wsted ‘v"_
> > i lerations> > | g
A 1 2 F Q.,;w; k. ]
3 C 4 E x‘
s 10 | i "
Gvic cult ; 5—_;';“'
- i
Iteration | A B C D E F G P [PERM :
0 | o |@E|EC) |2 [2C) e [0
_ o\ | col-1) 2 (-
1 C(c)* \(A) A 8) &é&gf&@ 1o(a)| 38 A [N A}
2 ‘.'
! 4
— @AY 2(s)e®) | 6B 164 |3 R AP | MBS

Scanned with

i & CamScanner’;

R



https://v3.camscanner.com/user/download

s
)

Example # 2: Given the graph in the Figure shown bel
‘using the vertex S as the starting source. Use Du'hﬂ'l

3 1
2 1

1 .
Iteration | S 1 2 3 4 | PE ‘

0 gl
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LIST = {s}
Iterations:
while LIST # @:

1. Remove node p from top of LIST ,
2. For every arc (p,j) leading from node p: ‘i‘

»

(a) if v(p) + cp; < v(j), then:
® v(j) « v(p) +cp
e pred(j) «—p
e if j ¢ LIST, LIST «— LIST + {j}
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Initially, tlnorhh-uluh'
mmbck-lht&hbd.ﬂx“
s)Allothcnod.nedme‘ht

LIST = {(0,0){} r =2 .7. '
Iterations: ; ;
while LIST # 0:

1. Remmhbakﬁmmmdlhul up
(dg, ti)}, so that it exists at node p

2. For every arc (p, j) leading from node p:
(a) Create a new label r at node j where (d,,t,) = (d +

(b) Define pred(r) = k
(c) Add label r to the end of the LIST
(d) Compare label r to each existing libel (dy, t,) currently at node j:
i. If d, > d, -and- t, > t,, then label r is dominated by (dg, t,)-
Y 4 new label, and remove it from LIST. = -
ii. Else If d, > d, and-t,?_t,,thenlabelrdominmhbdq-
label (d,,1,), and if necessary remove it from LIST. :
iii. Else retain both labels

o i
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Example: Given the graph in the Figure shown
the vertex s as the starting source. Use Multi-labe

(o] | 0, | (o2 | (516)
frd (D=1 | Pd® =\ | pu(5)=2 s
W | ©O X g of,

(3,5),X (1), | pred(a) =3
RelCek 2 L)y |02 g
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Suppose you have gone to the grocery store a
to make it home in a reasonable amount of tin
not melt. The grocery store will be your starting locat
final destination, referred to as 7. The table below shows all
you will use to travel home (if a connection is not in the tab
The table also gives the distance and time between any pair of

Connection | Distance
(s,1)
(s.2)
(1,3)
(1,4)
(23)
24)
(EX))
4.0

(a) Draw the netw@ labeling each node with the appropriate node number {s,t,1,2,3,4} an
each arc with the cost (dy,1;) where dj is the distance of the connection and #; is the of the
connection. o

o wf o] =| & |w| s
|| o] & w| o] = =3

(b) Use the/multi-label algorithm|to find the minimum cost paths from the grocery store s to
home 7. where the two types of costs being considered are described below. Show your work in

form of a table as we did in class. A
i.  Find the mipjmum distance path from s to 1. iF it is the Same

i Find the path from s o ¢ hat mipimizes i fotalime. o if- aghied For one obie
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nmmmmuw '
nfemble-olntmtonpmlﬂanmbedmpo.dmm
componenbamoptmnedmdy,themlﬂn‘m"u
original problem. butthemﬂm;m-ahw ;
Comdqusnbkmlutmmthemthnbnmmllld-i
TOUR is a set containing all of the arcs used in the tour; clearly [TOUR| = n.
arc (i, j) from the tour is removed, thenmah:h;stmctmhai’ﬂ!ua
are connected and the TREE contains n — 1 arcs. hdm

this decomposition as:

TOUR = TREE + {(i,})}
The cost could be written as follows:

C(TOUR) = C(TREE) + ¢;
Now let’s minimize the decomposition. Cbarly,themmnmnnmutlﬁnlmﬁ
given by the MST. And, in general, (:,J)couldbemyucmth-dwk,hﬁm
speuﬁcaﬂynaomeamthansnotmtheTREE.Themim,abwubmdmthw >
TSP cost is the following: : 3

C(TSP*) 2 C(MST") + ¢;

where ¢; is minimum cost arc not in MST.
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ts all of the nodes of G.

;5.—. 25 Y -3_;3

Complete the following table that shows the lower bounds using several tech

technique Lower bound
MST+arc A
1 — TREE, 273
1 - TREE, 2
1 — TREE, gi
1 — TREE,
the cphimal [ 1 — TREEs 3

becavse it skwe
me a hovr
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Example 2: Consider the following symmetric, undirected network G where the n

uchmmthemeom.SuppocethnyowMinoﬁnduoodmehngnl |

visits all of the nodes of G.

Complete the following table that shows the lower bounds using several techniques:

technique Lower bound
MST+arc B
1 — TREE, 87
1 — TREE; Q7

1 — TREE; %{l——:\

—TREE
BERLL L
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eaTS
doubletheopumdmarmhmm
but at least it's a guarantee!

1. Generate a minimum spsuning tree MST" oftbenodsﬂ
2. Let LISTmntmntwoeopmofeacharcmthemlmmmm'_

Note that v, are not unique.

4. CreateahemstxctomT”byfoﬂowmgtbenodumtheordcq)euﬁdlyWMx
but skipping repeat visits to any node (the “taking shortcuts” process)

In this method, recognize that WALKdoesnotﬁtmthonrdeﬁnmonoltw since
it may contain nodes that are visited more than once. So, we simply eliminate repeat
visits in our WALK to identify T#, sometimes referred to as an embedded tour. ;
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optimal for every complete network G aatwfwxg the A-mequaltty, that u. :
C'(T‘") < ~C(TSP‘)
where TSP* is an optimal traveling salesman tour on G.

Christofides’ Heuristic
Steps:

1. Given an undirected, complete network G satisfying the A-inequality. find a mini-
mum spanning tree M ST* on G.

2. Let S be the nodes of G with odd degree with respect to MST*.

3. Find a perfect node matching W* of the nodes in S with minimum rotal cost. (TI*-:-
problem can be solved in O(n?) time by the method of Lawler).

4. Generate a tour of the nodes T using arcs in the set MST’ U W* exactly once. (
T€ can be improved by introducing shortcuts to avoid re tmg nodes).
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b) Determine the TSP heuristic tour yielded by applying Christofides heurum.
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A [Kruskal’s algorit
Initialization: * [
Iterations:

.)a,.-—\-\‘e'-jg"“ i
1. Sort the arcs in orde:

()whxle lTREEl <n-1:

WO =

(b) Add (i, ,) to TREE if so doing doefs no‘t r
At the end, T* — TREE.

¥ (Cuts |

To explain the next algorithm, it necessary to understand the cdn&pt
network.

Suppose the nodes in N are partitioned into two independent suboets .9'~ &
SUT =N and SNT = 0. The cut set (S,7T) is given by all arcs (r,:)ludr

dj€TorieTandj€ES.
and j ori an im /t,elu‘(“ X-Svﬂause +he Ndes N are P"ﬁt‘h

!Prim’s algorithm}/’ 2 ‘,\o{q:e:dau- Sobsd A and\ b wh
Initialization: AN ZS o

TREE =0 _ AUB = N s
S 7 — s A The ok sek (ABY (s given by all Sles

Iterations:

while [TREE| < n —1: | et ser
/X{P) N

1. Find the arc (i,5) in (S/7") with minimum cost ¢;;
2. Add (3,j) to TR{))EE
3. Remove j fron:bfand add j tOtS/

conHoe o B~

At the end, T* — TREE.

X feim S k\son‘\’\\n
Mal\wﬂ W =¢
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-Gcnenc TSP Pcrﬁdwmng Heuristic R \ C Z

Steps:

1. Letheanoptimalornen-optinul'l’SPmthltvﬁtlﬂ&ﬂn
the depot. Suppose wlog T' = {0, 1y, 13, ..., in, 0}.

2. Define the node ordering Tp = {i1, 12, ..., in}-

3. Createmstome:clustenbymnnmgthemt—ﬁtbmp.chn;hmtnhcw‘hhtm
gi and vehicle capacity Q on the customer order defined by To. v

4. Suppose the generated clusters are {iy, i3, ..., ik}, {fk+1,ik42, -t} {241,042, 0 )
The final VRP tours are then given as {0, 1,1y, ..., ix, 0} etc. where the order of the
customers in the VRP tours is identical to the order in the original TSP tour T.

Cluster-first Route-second Heuristics (_ 15N ¢ 2

Often, in practical vehicle routing problems, the subproblem of determining which cus-
tomers to group together in a cluster served by a single vehicle is relatively more im-
portant than routing considerations. Since effective clustering can lead to reduced fleet
sizes through better packing, problems in which dispatch or fixed vehicle costs are high
may include packing as a primary concern. However, it can be shown that by focusing
on clustering before routing even in the traditional vehicle routing problem focused on
distance-based costs can result in good heuristic solution methods.

Sweep Heuristic

In the sweep heuristic, nodes must have geographic positions. Without loss of generality,
suppose that the depot is given cartesian coordinates (0,0), and suppose each customer i
has polar coordinates (ry, 6;) relative to the depot. Here, suppose 0 < 6; < 27 is measured 1
clockwise from the posmve Z-axis. 4 ) ' (@: o

1. Choose a starl;ga._y r, with a polar angle 6.

2. For each customer, calculate(A, Jas the relative angle between r and the customer
location, measured clockwise.
increasing

3. Sort the customers in order of non-decreasing A;. Suppose the order created is

TO prY {"1"21 :‘n} e

4. Createcmtometchlsmbymmﬁngthe@mpa&mghmmwlthhtmﬂ X
g¢i and vehicle capacity Q on the customer order defined by To.

5. mmmmwm.wmmhmm ?.
and the depot.

' fay =6y
o oggf‘gzw pPi=91-Op o
_/\Ltség'ﬂ—-—— 3¢0° b= \ncrusm% ofc’n@f
By =38 51 s I-._, £ 3
# 'Né;:szﬁf‘!?. T
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a) Using the Sweep Heuristic, generate clusters of customers each to be
vehicle. Begin with a ray through customer A and rotate your ray cl

ia fs,c D,E,E & KT K

\, B, '3 Dg—-}-“" ,r«vb’iff%_.'(g-\)\ _:;‘1&31'2_‘2
ot 2 d

Cluster |
cloger2=7ZE D
Cluger3= {F}
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Example 2:

Suppose you are the dxspatcher for an LTL

trucks for the local delivery of freight. Suppose .
capacity to haul 10 tons of freight. Suppose that the pe
clockwise in degrees) of the seven customers are {¢

a) Using the Sweep Heuristic, generate clusters o
vehicle. Begin with a ray through customer 2

Clster 3= § ¢, C5%
closker W = & €3

Y o “\effi,,_gi
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a) 6se the TSP tour partitioning heuristic (a standard route first, clusta-f&ohds :

)\A;-x

o= generate a set of good vehicle routes for this problem. Begin by using ﬂle
- heuristic to generate a TSP tour. Determine all vehicles routes. nuk U\ 1

(as‘, %

\i Q/I 2 \ZL ’ 5.“::{;-1. ‘ - { C( P (/g/ L‘
T i SkepZ To= {f}/ (_’l_, (,’2/6

)

| T i 5 G
x
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1. For each node i € N, mamn-{l} )
to node 4, and returning to the depot. I&ﬂboall

2. Foreadxpuroftoum?}andT}mSauilthﬂtthpW
thetwoknusoombmeddoesnotmdQ(t&,M._

savings: Sy = cen«m+%w)-°-«m

SandremoveT;andT,fromS Else, endtheheurﬂc.

4. Tf no tours were joined, end the heuristic. Else, repeat from Step 2. 3
Arondd-ArcAJou

Implemented Clarke-Wright Heuristic ! =(¢0 +C 3-

You may note in the preceding presentation ‘that savings need be
than once for each pair of nodes. Consider the following version of the heuristic:

1. For each node i € N, oonstructatourﬂ-{:}begmnmgatthedepot m
to node i, and returning to the depot. Le P s

(8 )

2. Calculate the savings Si; = coi + ¢jo — ¢y for all pairs of nodes 1, 7.
3. Sort the savings in nonincreasing order.

4. Walk down the savings combination list, andﬁndthenextﬁuible combinat
pair (i, 7) such that: : '

(a) zand)areond:ﬂerenttours,andusthelastnodeonmtoutﬂ :
first node on its tour 7. o

(b) X kerur, @ < Q-
(€) 5520
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and demands (units) at each customer location
units. g

(““0\' > C

Use Clark Wright's heuristic to generate a set of good vehicle routes for ' b

G o) ) (et e =

( ; Wings
tou’s - i SiGolr toas Tit2 280, G /0z,0% Sor_'d - OF_M_ g
TLO OB | e T0s, it o
R S-(g = (X TSt S
7 | Tse =50,6,C¢,0 C2-¢4 = |4
f=Ffo; ey o =28 | YT T %

/riq! z:c)"("p -~=%2 T;"s,é = ZO,C#}éICSIOE

%= §£0, cs 0% =24

Ci-Ce: =X :
Ca—(.q 5"0 x _i_ el 1 g oy ;

= C1-Cg =
Te=§ o, Cc63=38 it
( _7 2! - (;'l =‘66)§( s
{ . | i ; = X <
;e i : S ("xtfcfw 2
Sij =Coi *8Go - Cij | s CaCon
- _‘ g ‘ ‘| . ':"'.4
#(.g possibl€ savinds = 6;J =15 s T
&\;‘:‘h c' i e o ifﬁj:;\”,.
combination 1 Savina Sl AN T
ci1-Cq Corv Cro-Cg = 20+\8-22 =i¢ : ’W
C.-Cs Co1 +C30-¢43 =~ =16
Ci-Cy Cs *Clyo-<1qy = =6
< -(s Cey 450 -C15 z20112-2¢= ¢ 4
ci-¢e Coi+CeoCI6_ = ke
- 1841432 =0 sayim
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L mmm,¢ruhdm¢uo
J(T:GTMMcuh_ﬁnhd.

(A k)mthcmwmhthmﬁmnmu Q'i'
between £ and k in T

end;

(WM@@

Initialization:

Given an undirected network G = (N, A), mthcostsq;uuocmedwnhu&(sj)et.
where c;; satisfies the A-inequality.
Find the arc (i,j) with maximum cost in A. Let T = {3, j,1}

Steps:
while [T| <n+1:

1. Let C;(T) be minier¢;; for all nodes j € T. The node j to be inserted into the
tour is one with maximum Cj(T).

2. Find the insertion location for node j into the existing tour. To do so, find the are
(¢, k) in the current tour with the minimum insertion cost: c¢; + cjx — c.lu-tj
between £ and k in T.

end;
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a) Complete the following table that shows the lower bounds using several techniques:
technique Lower bound
MST+arc
1 —TREE;
1 —TREE,
1 — TREE,
1 — TREE,
1 —TREE:
1 — TREEg
@ Determine the TSP heuristic tour yielded by applying the Nearest insertion heuristic.
¢) Determine the TSP heuristic tour yielded by applying the Farthest insertion heuristic.
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Suppoaewehaveasupplyof
more,mppooewehnveanumbcoﬂtdm it 1
i has a size ich re fhe

Suppose for exp
{91,9,3,.- an}-
Problem BPP: Assngneaehltemtoabmmhthut

2. The smallest number of bins is used Ry
Capecikd néed e be doserved ((foval woam/uoiwwor- autl s

Integer Programming Formulation T
Consider now the followmg ma.thematwal programmmg formnhtiod

each item would require its own bin.

"
Decision variables
we hove 2 deigon Vefiable 1, if bin ] is used
e, ¥ = 0o ‘Ni= lraél.)’m- v M’ﬁi
Koy #ot
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_Next-Fit Heuristic “~2 - Given List L of items cach withsze 9i

T

he mmimuatlon nature of this formulation attanpt!toﬂtw =1 fﬂ'”ﬁ' bIns |
possible, and the objective function counts the number of bins opened. Conlw (C:
ensure that each item is assigned to some bin, and (C2) require that no bin exceeds i
capacity Q. Constraints (C3) require that closed bins y; = 0 can have no items &

to them.

Like the traveling salesman problem, no efficient algorithm has been developed for the
bin-packing problem; it is in the problem class N P-hard. If one wishes to solve the
problem optimally, it is necessary to enumerate all possible ways of assigning items to
bins, and this process is inefficient. :

Applications in Logistics

The primary application of bin-packing in logistics is in the loading of freight. Suppose
that you have n pieces of freight to load with various sizes, and you wish to use the fewest
containers as possible to transport the freight. This becomes a bin-packing problem.
This situation also arises when designing vehicle routing tours. One potential problem in
vehicle routing is to determine the minimum number of transportation vehicles required

to serve a set of customer demands, under the assumption that customer demands cannot
be split between vehicles.

For example, suppose that you operate a fleet of vehicles each with capacity of 20 tons.
Further, suppose that you need to serve 13 customers on a given day, and the following
is their demands in tons: L = {16, 10,14,12,4,8,3,12,7,14,9, 6, 3}. Howmanytrucks '
are required? Which trucks should serve Wthh demands? :

aete cvehme
Online heuristics for BPP =~ 7~

4 . TR TN, W

First, a general definition. An online heuristic is one in which input data are received
over time, and irrevocable decisions are made based on known data within some tme 0 o
limit. Online heuristics have no foresight; they cannot anticipate future data that has

not yet “arrived.” Often, real-world problems require online heuristics. For example,
if you are operating a truck fleet and planning which trucks will serve which demands,
the demands from customers may arrive dynamically and you may not have anticipatory
knowledge of what the next customer demand will be.

In the following online heuristics for BPP, let’s assume that customer lot sizes become
known one at a time. Upon the arrival of a lot, an irrevocable assignment of the lot
to a bin is made. Such heuristics have practical significance in the loading of transport
containers, since changing a decision of where to stow a particular piece of cargo ‘ould

require unloading it (and potentially other lots) and reloading it into a different

Suppose that customer lots arrive one at a time, in the order specxﬁed by L. Let’

some heuristics.
- ong | bia 15 cpen at each step oF yhe he

- each hin has ctpacty Q o N
Description: This heuristic places the next item in the c\gn'altb
fit, the bin is closed and a new bin is opened.

- ke item Brom the fop of the List
S 73),';:, Tits .n\—\gbn@mm-
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Gwennlutofmw /
Place item 1 in bin 1 and remove frc

Iterations:

1. If item j fits in bin 4, place j in i. If nc
i+l.Leti=€+l. s

2. Remove item j from L. Let j = j + 1. 173
3. While items remain in L, repeat from Step 1.

NF
The next-fit heuristic has o@- ‘_
since E"w i  heuristic,

not receive any future items and therefore can be .
something similar. Y

= S First-Fit Heuristic

Description: This heuristic keeps all unfull bins ¢
Jowest-numbered bin in which the item fits. If it
opened. 5

Initialization:
Given a list of item weights L = {wy, g, ..., wa}.
Place item 1 in bin 1 and remove from L. Let j =2, 1

Iterations:

2. Remove item j from L. Let j = j + 1.
3. While items remain in L, repeat from Step 1.

©F X Best-Fit Heuristic
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" the items in bin 4, Pkes, Wk i
fit in any bin, open a new bin a

2. Remove item j from L. Let j=j+1.
3. While items remain in L, repeat from Step 1.

Performance guarantees
The next-fit heunstlc is 2-0 'mal It has been shown thst tlie

Practical issues with first-fit and best-fit
Both of these online heuristics lack the dispatch advantage of the next-fit m
Of course, if a container is completely filled at some stage of the processing it can be
immediately dispatched. However, in the pure form of these heuristics, bins that are
open but not yet full cannot be dispatched. Thus, to use these methods in practical
settings it will be necessary to augment the methods with dispatch rules. For example
a container that has reached some minimum fill percentage p a.nd/or has been open
some minimum time 7 might be dispatched. 3

g :'l-‘-'\ in C.JUM(C

Offline heuristics for BPP

Offline heuristics assume that you have access to all the item sizes when you S
heuristics. There are three important offline heuristics for bin-packing that
by first sorting the items by non-increasing size. They are called rmpecﬁvdy 1
decreasing, first-fit decreasmg, and best-ﬁt decreasing. '

Sorbedbeoomes887766555555444444332222

Performance guarantees
It has been shown that the ﬁrst-ﬁt and best-fit de
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