Example Determine the principal stresses and the maximum in-
plane shear stress of the element.

1 4
70 MPa
o, =-40 MPa
o, =70 MPa
7, =—50 MPa




Principal stresses:

0 =-%tan"' 0.909 =21.1°

Positive sign of the angle means clockwise rotation of the element



o,+o, O0,—-0

O, = + 7 cos2¢+r, sin2¢
2 2
c.+o, 0,-0, .
o, = s, T, cos2¢—17,,sIn 2y
o.—0, .
Toy = > SIN2¢+ 17, cOS2¢
0

Gl=6923









Maximum in-plane shear stress:

1

6, = tan"'(-1.1)=-23.9° =743MPa



Principal stresses Maximum in-plane
shear stress



3-7 General Three Dimensional Stress ( Triaxial Stresses)

Triaxial Stress
( no shear stress)




stress states:

» Biaxial stresses are stresses ¢ applied along two axes of the
elementand t=0.

O_‘f
O_k‘ O_*x O
— ————— y
CjZ
O O
Jy — o —
» Triaxial stresses are stresses ¢ applied /

along three axes of the element and 1 = 0. 0, + 5
y



3D Stress — Principal Stresses

The three principal stresses are obtained as the three real roots of the
following equation:

o’—1lo’+1L,oc-1,=0
where

[, =0.,+0, +0,

. 2 2 2
[, = co0,t0.0.+0,0, —7, —T_ —T,

. 2 2 2
=000 +2r, 7.7 —-07T, —07T_—07T,

xy " xz" yz

I, I,, and I; are known as stress invariants as they do not change in
value when the axes are rotated to new positions.




3 =
-2 1
I =2+3+1=6
i

I, =-3



The principal shear stresses are given by

0,70,
Tl —
b )
0, =0,
/Z-z —
2 )
O, —0;




OCTAHEDRAL SHEAR STRESS CRITERION

On the octahedral plane, the octahedral normal stress

O,+ 0, + 0,
3

{Th o

octahedral shear stress




The octahedral stress criterion in terms of the yield strength:

_
T = Y28y

we expect to observe yielding in a material under 3-D loading when

2

Sy :ﬁ\j(ﬂfl -0,)" +(0,-0,)" + (0, -0))



Example

Consider the stress state
5
[J:;i ] E g

The principal stresses o, =10, 0, =5, o, =15

0
-6
—-12

the maximum  shear stress is

0
—-12

1




Example: triaxial stress state, not plane
stress

* Determine the maximum principal stresses
and the maximum shear stress for the

following triaxial stress state.
* Will the material yield

20 40 =30
O=| 40 30 25 |vra
-30 25 -10




o, T, T, 20 40 -30]
o=|¢7, o, 7,| = |40 30 25 MPa
T, T, O. —-30 25 -10]
3 2

c’—lo " +1,0-1,=0
[, =0,+0,+0, =20+30-10=40 MPa
[,=0,0,+0,0 +0,0,. —rfy —sz —ryzz =-3025 MPa

2 2 2

I, = =0,0,0,+ 2rxyrxzryz -0,7,,—0,T_—0.T,

=-89500 MPa



o> —40 0% -3025 0 -89500 = ()

o, =65.3MPa

o, =206.5MPa

o, =—51.8MPa

. =1/2(65.34+51.8)
= 38.95MPa



5-3 Failure Theories

5-4 Maximum Shear Stress Theory for Ductile Materials (Tresca)
5-5 Distorsion Energy Theory for Ductile Materials (Von Misses)
9-14 Important Design Equations



5-4. Maximum Shear Stress Theory for Ductile Materials Tresca

T = 0., — O

max 2 max min




5-5 Distorsion Energy Theory for Ductile Materials (Von Misses)

oo 0 O
e 0 o, O ‘
0 0 o,

There exist an Octahedral plane: same intercept with all three
principle axes




Octahedral plane

Tt

The normal stress acting on an octahedral
plane is thus the average of the principal
stresses, the mean stress

That the normal and shear stresses are the
same for the eight planes is a powerful tool for
failure analysis of ductile materials



On the octahedral plane, the octahedral normal stress

O,+ 0, + 0,
O = Hydrostatic

oct 3

stress

octahedral shear stress in erms of principle stesses

| 2 2 2
roct:?l»\/(a-l -0,) +(0,-03) +(0; - 04)

octahedral shear stress in terms of the stress compenents in the x , y and z

. M ;—\/(ﬂ} —{:ry)2 +(cry —0'2)2 +(o,-0o,) +6(rfy +7,, +r§r)



According to Von Misses yielding occurs when:

2
z-Oct — 3 Gy

based on principal stress

1 2
g\/(o-l _0'3)2 +(°'1 _0-2)2 +(0'2 _0-3)2 = ?Zo-y

based on x, y and z stresses

;—\/(O'I —O'y)z +(O'y _o-z)z +(Jz _O-I)z +6(rf}’ _I_‘Z.J?Z +f;) N \/350-3’



Graphical comparison between Tresca and VonMises

T Tresca t
s €  m—\/ON Mises c,=Y S e
) :F
G,—GC,=—Y -
BT g S PR i iE 4
>
Gl
Gl=_Y__
~0,—0, =Y
!
| y
Glz_Y;
I A




G']. A B Mises
Tl Swurface =

e .
- Hydrostatic
*,

Tresca
Tielkl Swurface

a3

m-plare
(Deviatoric Plane |

Ty + T + Ty =10



9-14 Important Design Equations

Factor of safety according to Tresca

n=>r
2TI[IHX

Factor of safety according to Von Misses

O yield

1 [ . . . » f
\ﬁ“ (Ozz — ‘-"Iy_r;]" + {nyy — 0::)° + (022 — n.“']" T {J{T.,—u

2

3 -"'E
-1 Tl‘;_, -+ J:I)



3-8 Elastic Strain in Three dimensions

* Consider the case of trial stress

trial —stresso,, ©,,0.

» Corresponding normal strains,

i_v(ay +GZ)

=Gy
r=2G(1+v)



. o o, =65.3MPa
3. Von Mises Criterion: o, =265MPa S, =300

=—-51.8MPa

Sy:ﬁ'\/(ﬂ*l_gz)er(ﬁz_53)2_{53_51)2
S T[[(Gl Gz) +(0, — 03) +(0;—0,) ]]/2
ST [( 51.8-26.5)> +(26.5—65.3)> +(65.3—(~51.8))* | °

=103.31<300 Mpa
It will not yield



Ex: a uint volume in a structural member gives the state
of stress as shown below. If the part is made from a steel
with a yielding strength = 500 MPa, check yielding
according to Tresca and von Mises criteria. What is its
safety factor for each criterion?

200 O 0
s=| 0 100 -30| MPa
0 -30 -50

—



100

e | T 30 | L | e 200

50 + 7y v



o’ -lo’+1,0-1,=0

[, =0.+0, +0,

[,=0,0,+0.0 +0,0,

I—GGG +2T T. T

Xy~ xz" yz

2 2
—-0,7,,—0, T,

2 2 2
o z-xy - sz - z-yz

— 0,7



l,=0,+0,+0, = 200 + 100 -50 =250 MPa

_ g 2 2
I, = c0,+0,0,+0,0,-7,, —T T,

=200(100)+200(-50)+ 100 (-50 ) -0-0 - (30) = 4100

2 2 2
l;=000,+2r 7.7 —071, —07_ —0,7T

=200 (-50) 100 +2(30)(0)(0) -(200)30° -0-0 = -1180000

o> — 250 0 + 41000 + 1180000 = ()



The principal stresses are:
c,=200; o,=105.77, o,=-55.77,

T = —|O — 0 - | = (200+55.77)/2= 127.885

max mdax min
2

Tresca

Factor of safety FS=250/127.89=1.95



2

Ji (01 =02)" +(03-03) (0 0n )" =224

Factor of safety FS=500/224=2.2



